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Abstract

Mathematical models of cognitive processes possess very often a heteroclinic net-
works that are images of sequential activity of the systems. One of the most impor-
tant problems for such systems is to study an interaction of heteroclinic networks.
The simplest coupling is of the master-slave type when one system evolves indepen-
dently and another one is subjected to perturbations generated by the first one. It
is supposed to consider such a problem in the thesis for the case when both systems
have heteroclinic cycles consisting of saddle equilibrium points and joining them het-
eroclinic trajectory. Both systems are of the generalized Lotka-Volterra type, main
results include conditions of existing a heteroclinic network resulting from interacted
systems and, also, a discovery a two-dimensional heteroclinic attractor. The thesis
will include both theoretical and numerical studies.
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Chapter 1

Introduction

Mathematical models of cognitive processes possess very often a heteroclinic net-
works that are images of sequential activity of the systems [2,3,8-11]. One of the
most important problems for such systems is to study an interaction of heteroclinic
networks. For it, we consider a system S of coupled subsystems. This system .S is of
master-slave type i.e one of the subsystems evolves independently and another one
is subjected to perturbations generated by the first one. The goal of this work is to
study the dynamics of system S in a specific situation when both subsystems are of
the Lotka-Volterra type. We will impose conditions under which the system S has
a heteroclinic network and, also, additional conditions such that this network serves
as a skeleton of a two-dimensional heteroclinic attractor. These are main results of
the work.

This work is organized as follows. In chapter 2 we give some important defini-
tions which will be used in this thesis. Definition of heteroclinic network is given in
this chapter. In chapter 3 we will study analytically the master-slave system, formu-
late some propositions, collolaries and finaly the theorem which tells that under the
conditions given in it, in the full space the master-slave system has a heteroclinic
network. In this chapter we can find the conditions in which each equilibrium point
of the heteroclinic network has two-dimensional unstable manifold.

In chapter 4 we present numerical results. We choose values of o0;,6; and 7;;, then
we find values of p;; and &;; which satisfy the conditions for the existence of hetero-
clinic network. We substitute this parameters to master-slave system and compute
it. The portrait of phase space is shown and one can see that, in fact we obtain
the heteroclinic network. For numerical work first we start with 7;; = 0, and then
we take 7;; # O(but very small). In chapter 5 we impose conditions under which
the uncoupled system has a two-dimensional heteroclinic attractor homeomorphic to
two-dimensional non-smooth torus and prove that this torus still exists if the values
of coupling parameters are small enough.

Future work is suggested in chapter 6.



Chapter 2

Definitions

First, we remind known notions we should use bellow.

Definition 2.0.1 The Jacobian matrix is the matriz of all first-order partial
derivatives of a vector-valued function. Suppose f : R* — R™ is a function which
takes as input the vector x € R™ and produces as output the vector f(x) € R™.
Then the Jacobian matriz J of f is a maxn matriz, usually defined and arranged as
follows:

of of
ox Tt Oxn
g _ (o e y_ : (2.1)
d.ﬂU oz Ctt Oz . . . :
Ofn Ofm
o1 Oxn

Definition 2.0.2 Let A € M.(F). 0 # x € F" is said to be an etigenvector
of A if AN € F such that Ax = Ax. X\ is called the corresponding eigenvalue the
ergenvector x.

Definition 2.0.3 If A € M,,,(F), the polynomial det(A —tl,) in the unknown t is
called characteristic polynomzial of A.

The following statements are well known:
1) The characteristic polynomial of A € My (F) is a polynomial of degree n
with leading coefficient (—1)".
2) Let A € My, (F) and let f(t) the characteristic polynomial of A. Then
a)A scalar X is an eigenvalue of A if and only if f(A) = 0.
b) The mazimal number of different eigenvalues of A is n.

Let us consider a system of differential equations

&= X(x) (2.2)
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where x € R™ and X is a smooth function in some region D C R".

A trajectory {z(t)} of system (2.2) is called an equilibrium state if it does not
depend on time, i.e x(t) = xo = const. It follows from the definition that the
coordinates of the equilibrium state can be found as the solution of the system

X(z) = 0. (2.3)

The study of system (2.2) near an equilibrium state is based on a standard
linearization producere (see [5]). Linearization of system (2.2) has the form

y=Ay (2.4)
whereA:% and y = x — xp.
The stability of an equilibrium state is determined by eigenvalues (Mg, ..., \,) of

the Jacobian matrix A(see [5]). An equilibrium point is called the saddle if it has
eigenvalues with both negative and positive real parts.

Definition 2.0.4 A trajectory {z(t)} is called the heteroclinic one if 1tlim x(t) = xo,
—00

tlim x(t) = yo where xg,yo are different equilibrium points.
——00

n n—1
Definition 2.0.5 The set I' := U O U | A
k=1 k=1

where Oy are saddle equilibrium points and Uy g1 is a heteroclinic trajectory joining
O and O,y is called heteroclinic network. If, in addition, O, is connected to
O1 by a heteroclinic trajectory, then the heteroclinic network is called heteroclinic
cycle.

Let ReX; <0,¢=1,...,m, Re\; >0, j =m+1,...,n for a saddle O.

max Re)\;

Definition 2.0.6 The saddle O is said to be dissipative if v = ——==" > 1.

i1 < N
v s called the saddle value of O.
It is known (see, for instance [2,3]) that if the saddle values of all saddles in a
heteroclinic cycle greater than 1, then the heteroclinic cycle is an attractor, i.e. it
attracts trajectories going through an open set of initial points.



Chapter 3

Heteroclinic network for a
master-slave system

Let us start with a formulation of the following problem. Consider a system of

coupled susbsystems
i = Fy(z) (3.1)

Y= Fy(y) +e Ga(z,y) (3.2)

It is said to be of master-slave type, where x— master coordinates, y— slave
coordinates. The problem is to study dynamics of system (3.1),(3.2) depending on
values of coupling and other parameters. The goal of this work is to study the
dynamics of system (3.1),(3.2) in a specific situation when the systems (3.1),(3.2)
are of the Lotka-Volterra type. So, we consider the system

Ty = x1(01 — 1 — p12T2 — P13T3)
Tog = 96’2(02 — T2 — Pa1T1 — P239C3) (3.3)
T3 = $3(03 — T3 — P31T1 — ,032132)

Yy = y1(51 —y1 — &i2y2 — &13Y3 — M1T1 — Ni2l2 — 7713953)
Yo = y2(52 — Y2 — Y1 — §23Y3 — 1211 — N22Ta — 7]23173) (3.4)
Yz = 93(53 — Y3 — &31Y1 — §32Y2 — 1311 — N32T2 — 7]33953)

where 0 < 01 < 09 < 03,0 < pij70 < 51 < 52 < (5370 < éij and 0 < Nij-
3.1 Study of two-dimensional subsystems
This system (3.3),(3.4) has many invariant two-dimensional planes such that the

coordinates except for two of them are iqual to 0. The corresponding plane is
invariant, and the corresponding 2-dimensional subsystem has the form

Uy = U2(042 — U2 — Bzul)

{ Uy = up(ay — uy — Bruy) (3.5)

The system (3.5) has three equilibrium points: the origin O = (0,0), E; = (a4,0)
and Ey = (0, az).
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Proposition 3.1.1 Under the conditions

Qo — ﬂgal > 0, (36)

a — Prag <0, (3.7)
the point Ey is a saddle equilibrium with eigenvalues N(E1); = —aq, A(F1)2 = ag —
Pocv; and the point Ey is a node equilibrium with eigenvalues A\(Eq)1 = —ag, A(Eq)y =
ap — Bras.

Proof. Jacobian matrix for system (3.5) is

ay — 2uy — B —Bruy
Jo, = 3.8
' ( —Paug Qg — 2up — fauy ) (38)
For FE; we have
o —n — B
e = ( 0 ay—fany ) (3.9)

Thus eigenvalues are A(F}); = —aq, A(E1 )2 = as — feaq. A(Ep); < 0 because ay > 0
and A(E})y > 0 because of (3.6). It implies that F; is a saddle equilibrium point.

Now for E, we have

Jp, = < o= fraz 0 ) (3.10)

—52062 —Q

Thus eigenvalues are A(Fs); = —ag, A(Es)s = a1 — fran. A(Ey); < 0 because ap > 0
and \(Es)s < 0 because of (3.7). It implies that F5 is a node equilibrium point. l

Proposition 3.1.2 Consider the system (3.5). Assume that

i) 1— (162 #0.

it) conditions (3.6),(3.7) are satisfaced.

Then there exists a heteroclinic trajectory U'g, g, joining E1 = (a1,0) and Ey =
(Oa a?)'

Proof. Let D be the region D = {0 < u; < 1,0 < uy < ag}. It is simple to
see that D is an absorbing region. Assume that there exists an equilibrium point
E* = (uy,, us,) € D, and that 7) is satisfaced. Then E* = (all:ﬁﬂllﬁi"’, 0‘12:56125‘;1 ). Now i)
implies that u;, < 0 or uy, < 0 which is a contradition because £* € D. Therefore
there are not equilibrium points inside of D except for F; and E5 which are saddle
and stable node respectively because of Proposition 3.1.1. The set of limit points of
the unstable trajectory with the start point E; could be either periodic trajectory
or must contain an equilibrium point(see [12]). But if it is a periodic trajectory
then, inside it, there exists an equilibrium point which is impossible, as was just

shown. The only admissible equilibrium point is F5. The sentence is true for the
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second logical possibility. Thus there exists a heteroclinic trajectory I'g, g, inside of
D joining F; and F>. B

(0, a)

(aq, 0)

Figure 3.1: Heteroclinic trajectory joining F; and Fs.

3.2 Study of three-dimensional subsystems

We apply proposition 3.1.1 to study, first, the system (3.3). We are interested in
equilibrium points O; = (01,0,0),02 = (0,02,0) and O3 = (0,0,03). The direct
corollary of Propositions 3.1.1,3.1.2 will be

Corollary 3.2.1 Under the conditions

o9 — poroy1 >0, o3 — p3101 <0, (3.11)
03 — p3209 > 0, 01 — p1aog < 0, (3.12)
o1 — p1303 > 0, 09 — pa3o3 < 0, (3.13)
1 — p1ap21 # 0, (3.14)
1 — pagpaz # 0, (3.15)
1 — paip1s # 0, (3.16)

the master system (3.3) has a heteroclinic cycle coinsisting of equilibrium points
O1, 09,03 and heteroclinic trajectories I'1o, oz, I'31.
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Figure 3.2: Heteroclinic cycle of master system.

Proof. First we have that there are equilibrium points for master system (3.3)
which are O = (0,0,0), O; = (01,0,0),05 = (0,09,0) and O3 = (0,0, 03). Now the

jacobian matrix of master system is

01— 2x1 — p12T2 — P13T3 —p1271 —p13T3
Ji; = —p21T2 o2 — 2x2 — P21T1 — P23T3 —p23T2 (3.17)
—p3123 —p32%3 03 — 2T3 — p31T1 — P32T2
For O,
—01  —p1201 0
Jol = 0 09 — P2101 0 (318)
0 0 03 — P3101

Thus the eigenvalues are )\1(1):—01 ,/\2(1): 09-pa1 01 and )\3(1): 03-p31 01. Now be-
cause of (3.11) we have that O, is a saddle equlilibrium point with one-dimensional
unstable manifold.

For 02
o1 — preoz 0 0
Jo, = —pP2102 —02  —pP2302 (3.19)
0 0 03— p3202

Thus the eigenvalues are )\1(2):—02 ,)\2(2): 03-p32 09 and )\3(2): 01-p12 02. Because of
(3.12) we have that O, is a saddle equlilibrium point with one-dimensional unstable
manifold.

Finally for Os

01 — P1303 0 0
J03 = 0 09 — P2303 0 (320)
—pP3103 —pP3203 —03

Thus the eigenvalues are )\1(3):—03 ,)\2(3): 01-p13 03 and /\3(3): 09-pa3 03. Because of
(3.13) we have that Oj; is a saddle equlilibrium point with one-dimensional unstable
manifold.

Let P, be the x;z; plane. Consider P, ,,, thus the restriction of master system
(3.3) on this plane is the following

{ Z1 = z1(01 — 21 — p12T2)

) 3.21
Ty = $2(02 — T2 — /121961) ( )
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Because of Proposition 3.1.2, under the conditions (3.11),(3.12) and (3.14) there
exists a heteroclinic trayectory I'15 joining O; and Os.

Consider P,,.,, thus the restriction of master system (3.3) on this plane is the
following
{ Ty = 13(02 — Ty — P23T3) (3.22)
T3 = x3(03 — T3 — pP3aa) '
Because of Proposition 3.1.2, under the conditions (3.12),(3.13) and (3.15) there
exists a heteroclinic trayectory I's3 joining Os and Os.

Finally consider the system

23 = x3(03 — T3 — p3171) (3.23)
Ty = x1(01 — T1 — p13x3) .

Under the conditions (3.11),(3.13) and (3.16) there exists a heteroclinic trayectory
I'3; joining O3 and Oy because of Proposition 3.1.2. So the set I's = (O; UO2UO3) U
(I'2 UT93 UT31) is a heteroclinic cycle for master system. W

Now, we consider the slave system (3.4) provided that coupling coefficients are
equal to 0.

Proposition 3.2.1 Assume that 1;; = 0. Under the conditions

Gy — £0101 > 0, 03 — Eg10) < 0, (3.24)
By — EapBy > 0, 8y — E1abs < 0, (3.25)
01 — &1303 > 0, 09 — o303 < 0, (3.26)
1 —&19€91 #0, (3.27)
1 — &3832 # 0, (3.28)
1 —&1&i3 # 0, (3.29)

the slave system (3.4) has a heteroclinic cycle coinsisting of equilibrium points Sy, Sa, S3
and heteroclinic trajectories I'1o, I'a3,1'3;.
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y - space

Figure 3.3: Heteroclinic cycle of slave system for 7;; = 0.

Proof. The proof for existence of heteroclinic cycle in the slave system (3.4) when
ni; = 0, is in exactly the same as for Proposition 3.2.1. W

3.3 Conditions for the existence of ”triangules”
in a heteroclinic network

We shall study now the behavior at our system on invariant three-dimensional sub-
spaces. We check directly that the plane ¥y = o1,29 = 0,23 = 0 is an invariant
subspace and the system (3.4) restricted to this subspace has the form

Y1 = ?/1(51 —y1 — &12Y2 — &13Y3 — 771101)
Yo = Y2(02 — yo — €1 — E23ys — M21071) (3.30)
Yz = 3/3(53 —ys — &1y — 3212 — 773101)

I‘E follows that there are equi_libriurn points for it which are O; = (61 - m1 01,0,
0)7 0, = (0, 02 - M1 01,0) and O3 = (0 , 0, 03— 131 01)-

Proposition 3.3.1 Assume that the coordinates of Oy = (01,0,0) are sustituted to
the slave system (3.4). Under the conditions (3.27)-(3.29) and

—61+m101 < 0,05—n2101—E21(61—m1101) > 0,035—n3101—E31(61—n1101) < 0, (3.31)

=024 2101 < 0,03—n3101—E32(02—12101) > 0,01 —11101—&12(02—12101) < 0, (3.32)

—034n3101 < 0,01 —1m1101—E13(03—13101) > 0,09 —12101—E23(d3—m3101) < 0, (3.33)

the master-slave system (3.3),(3.4) has a heteroclinic cycle coinsisting of equilibrium
points O1, Oy, Oy and heteroclinic trajectories 'y, a3, '31.
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[ ] —
\ 03
[ J
/ X, y - space

Figure 3.4: Heteroclinic cycle of master-slave system when the coordi-
nates of O; are sustituted to the slave system.

Proof. If the coordinates of O are sustituted to (3.4), we have the system (3.30)
and the jacobian matrix for this system is

~ 01— 2y1 — &12y2 — &13Y3 — M101 —&1291 —&13y1
Jy= —£21Y2 02 — 2y2 — £21y1 — 23Y3 — M2101 —&23Yy2
—€3193 —&32y3 d3 — 2ys — 3191 — &322 — M3101
(3.34)
For O, the jacobian matrix is
—01 +mi10o1 —£12(01 —M10o1) —£13(61 —M10o1)
Jo, = 0 02 — m2101 — €21 (81 — m1o1) 0 (3.35)
0 0 03 — 3101 — &€31(01 — M1101)

Thus the eigenvalues are =8, + 771101,)\21: 0y — N2101 — &21(01 — Nuio1) and Ag'=
03 —n3101 —&31(01 —m1101). Because of (3.31) we have that Oy is a saddle equlilibrium
point with one-dimensional unstable manifold.

For O, the jacobian matrix is

01 — &12(02 — m2101) — 1101 0 0
Jo, = —£21(62 — m2101) —d2 + 12101 —&23(02 — m2101) (3.36)
0 0 83 — n3101 — £32(02 — 2101)

Thus the eigenvalues are \2=—d, +772101,)\2§= 03 — 13101 — €32(02 — 12101 and Ag2=
01 —&12(09 —m2101) —m1101. Because of (3.32) we have that O is a saddle equlilibrium
point with one-dimensional unstable manifold.

Finally for O3 the jacobian matrix is

91 — &13(93 — m3101) — Mo 0 0
Jo, = 0 82 — €23(63 — M3101) — M2101 0 (3.37)

—£31(d3 — m3101) —£32(03 — m3101) —83 + 3101

Thus the eigenvalues are MP=—6, +773101,)\232 01— &13(03 —M3101) — 110y and A=
0y — &23(03 — M3101) — ma101. Now because of (3.33) we have that Os is a saddle
equlilibrium point with one-dimensional unstable manifold.

Consider the plane P, ,,,ys = 0, then the restriction of system (3.30) on this plane
is the following

Y1 =y1(01 — 101 — Y1 — &1292)
. 3.38
{ Yo = Y2 (02 — n2101 — Y2 — Ea1y1) ( )
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One can see that under (3.31),(3.32) and (3.27) are satisfaced the conditions of
Proposition 3.1.2, it implies that there exists a heteroclinic trayectory I'is joining
O; and Os.

Consider the plane P,,,,,y; = 0, then the restriction of system (3.30) on this plane
is the following
Yo = ya(da — M2101 — Y2 — §23Y3)
. 3.39
{ Yz = y3(03 — m3101 — Y3 — E3202) ( )
Omne can see that under (3.32),(3.33) and (3.28) are satisfaced the conditions of

Proposition 3.1.2, it implies that there exists a heteroclinic trayectory I3 joining
OQ and 03.

Finally consider P,,,,,y» = 0, then the restriction of system (3.30) on this plane
is the following
3/:3 = y3(d3 — m3101 — Y3 — Ea1y1) (3.40)
Y1 = y1(61 — 1o — y1 — &13y3)
Under (3.31),(3.33) and (3.29) are satisfaced the conditions of Proposition 3.1.2, it
1mphes that there exists a heteroclinic trayectory I's; joining O3 and O;. So the set
= (01U0,UO3)U(T',UT93UTs;) is a heteroclinic cycle for master-slave system.
l
Now we check directly that the plane 9 = 09,27 = 0,23 = 0 is an invariant
subspace and the system (3.4) restricted to this subspace has the form

Y1 = 91(51 —y1 — &2y — &13Y3 — 771202)
Y2 = Y202 — yo — Enyr — a3Ys — M2202) (3.41)
Ys = y3(d3 — y3 — Ea11 — Ez2Ya — 13202)

It follows that there are equlhbrlum points for it which are 01 = (81— m2 02,0,
O), O (0 52— T22 O3, ) and 03 (0 O (53— 732 0'2)

Proposition 3.3.2 Assume that the coordinates of Oy = (0,09,0) are sustituted to
the slave system (3.4).Under the conditions (3.27)-(5.29) and

—01+M1202 < 0,d5—n9202—E1 (01 —N1202) > 0, d3—13209—E31 (01 —m1202) < 0, (3.42)
—09+12202 < 0,03—n3202—E32(03—12202) > 0, 81 —11209—E12(d2—12202) < 0, (3.43)

—03+13202 < 0,01 —n1202—E13(03—N3202) > 0, do—1)2209—E23(d3—13202) < 0, (3.44)

the master-slave system (3.3),(3.4) has a heteroclinic cycle coinsisting of equilibrium
points Ol, OQ, 03 and heteroclinic trajectories Flg, F23, F31
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/ \ 03
/ X, y - space

Figure 3.5: Heteroclinic cycle of master-slave system when the coordi-
nates of O, are sustituted to slave system.

P!

Proof. If the coordinates of Oy are sustituted to (3.4), we have the system (3.41)
and the proof is exactly the same as for Proposition 3.3.1. W

Finally we check directly that the plane x3 = 03,21 = 0,22 = 0 is an invariant
subspace and the system (3.4) restricted to this subspace has the form

Y1 = 91(51 —y1 — &2y — &13Y3 — 771303)
Yo = Y2(02 — Y2 — o191 — Ea3ys — M2303) (3.45)
Y3 = y3(03 — Y3 — E31y1 — E32Y2 — 1)33073)

It follows that there are equilibrium points for it which are O, = (01— m3 03,0 , 0),
Oz = (0, 63— 13 03,0) and O3 = (0, 0, d3— 133 03).

Proposition 3.3.3 Assume that the coordinates of O3z = (0,0, 03) are sustituted to
the slave system (3.4).Under the conditions (3.27)-(5.29) and

—01+11303 < 0,02—m2303—E21 (01 —11303) > 0, 05—133035—E31(61—mi303) < 0, (3.46)
—0a+n2303 < 0,93—13303—E32(da—n303) > 0, 61 —113035—E12(d2a—12303) < 0, (3.47)

—03+n3303 < 0,01 —1m1303—E13(03—n3303) > 0, 02— 12303 —E23(d3—13303) < 0, (3.48)

the master-slave system (3.3),(3.4) has a heteroclinic cycle coinsisting of equilibrium
points Ol, OQ, 03 and heteroclinic trajectories F12, F23, F31

R X, y - space
07

Figure 3.6: Heteroclinic cycle of master-slave system when the coordi-
nates of O3 are sustituted to slave system.
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Proof If the coordinates of O3 are sustituted to (3.4), we have the system (3.45)
and the proof is exactly the same as for Proposition 3.3.1. W

3.4 Study of the system in the full phase space
Obviously, we have the following nine equilibrium points for the system (3.3),(3.4)

0, =
02:

0.170 O 51 77110170 0 )
01 0 O 0 52 — 121071, y (349)
o1 000053—77310'1

( )
( 0)
= ( ).
= (0,02,0,61 — m202,0,0),
= (0,09,0,0, 05 — 19209,0), (3.50)
= (0,09,0,0,0, 85 — 13202).
= (0,0, 03,01 — m303,0,0),
= ( 0)
= ( ).

0,0,03,0,d2 — 172303,
0,0,03,0,0,03 — 13303

(3.51)

)

Theorem 3.4.1 Under the conditions (3.11)-(3.16),(3.27)-(5.29),(3.31)-(3.33),(3.42)-
(3.44) and (3.46)-(3.48) the system (3.3),(3.4) has a heteroclinic network I' contain-
ing points (3.49)-(3.51), as it is shown in the figure(3.7).

Figure 3.7: Heteroclinic network I' of master-slave system.

Proof. Under the conditions (3.27)-(3.33),(3.42)-(3.44) and (3.46)-(3.48) the
conditions of Proposition 3.3.1,Proposition 3.3.2 and Proposition 3.3.3 are satis-
faced. Then the system (3.3),(3.4) has the heteroclinic cycles as it is shown in the
Figure(3.8).
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O2

Figure 3.8: Heteroclinic cycles of master-slave system.

We need to show that
i)there exists a heteroclinic trajectory joining O; and O;.
ii)there exists a heteroclinic trajectory joining 0, and O;.
i7i)there exists a heteroclinic trajectory joining O, and O;.

) First let us prove that there exists a heteroclinic trajectory joining O; and
O;. These equilibrium points have coordinates O; = (61,0,0,8; — m101,0,0) and
O, = (0, 09,0, 81 — 1m1202,0,0). Now consider in (3.3),(3.4) the 3-dimensional invari-
ant subspace

T3 = O,yQ = O, Ys = 0. (352)
so we have the system
£ = x1(01 — 21 — p12%2)
1:2 = IQ(O’Q — T9 — pgll'l) (353)
Y1 = y1(01 — Y1 — Nuir1 — N2T2)

On this subspace O; = (01,0, ; —n1101) and O, = (0, o9, 01 — m209) are equilibrium
points for system (3.53). Now jacobian matrix is the following

o1 — 21 — P12 —pP1271 0
—pP21T2 09 — pP2101 — 2T 0 (3.54)
—Miy —MN12Y1 01 — M1T1 — Ma2Z2 — 2y

For O; we have

—01 —pP1201 0
0 09 — P2101 0 (355)
—7711(51 - 771101) —7712(51 - 771101) —01 + 101



CHAPTER 3. HETEROCLINIC NETWORK FOR A MASTER-SLAVE SYSTEM15

Thus eigenvalues are Al(Ol) = —01, Ag(@l) = 09 — P21071, )\3(OI) = —01 + M1107.
This equilibrium point is a saddle because (3.11) and (3.31). The eigenvectors at
O, are

_ (__o1+nio1—4
U1 ( 7711(771101—51)’0’ 1)’
Vo — ( p1201 _ (—771201+n1lp1201+7712p2101—771202)(771101—51)) (3 56)
2 —o1+p2101—02? ) (—o1+p2101—02)(N1101+p2101—02—01) ’
V3 = (O, 0, 1).

P1201

where vy corresponds to A2 (O1) = ga—pa101 > 0. We see that the vector (701%2101*02,

is an eigenvector of the master subsystem

{ T = $1(01 — X1 — P12$2) (3 57)

Ty = Ty(09 — To — Pa11)

of the system (3.53) at the equilibrium point W, = (o4, 0). Moreover the projection
of any trajectory of the system (3.53) onto P,, ., is exactly a trajectory of the system
(3.57).

Now for Ol we have

01 — P1202 0 0
—pP2102 —09 0 (358)
—7711(51 - 771202) —7712(51 - 771202) -1 + Mha02

Thus eigenvalues are Al(Ol) = —09, AQ(OI) = 01 — pP1202, )\3(01) = —01 + 1M1209.
This equilibrium point is a node because (3.12) and (3.42). We know that the pro-
jection of the unstable manifold of the point O; onto the plane 3; = 0 is the unstable
manifold of the point W;. We proved in Proposition 3.1.2 that the separatrix of W,
goes to the equilibrium point Wy = (0, 03) (i.e) it is a heteroclinic trajectory. It im-
plies that a separatrix of O; goes to O;. Indeed it comes to be close to the invariant
line ;7 = 0,29 = 09,y; > 0 and (see Proposition 3.4.1) since O, is a global attractor
on this line and an attractor of the system (3.53), it should go to O.

Proposition 3.4.1 The point Oy is a global attractor of the system (3.53) on the
line x1 = 0,29 = 09,y1 > 0.

Proof. We first show that 01 is an attractor. For that we have to check that
eigenvalues of the matrix L(O;) of the linearization of the system (3.53) at the point
O; have negative real parts. we see that L(O;) coincide with (3.58) and it has
eigenvalues Ai(ol) < 0,7 = 1,2,3 as was shown above. Second, the system (3.53)
on this line has the form

Y1 = y1(61 — Y1 — 1Mi202). (3.59)
Thus

{ 1 <0 if y1 > & — mip0y and (3.60)

y1>0 if 0<y1<51—7]120'2. [ |

Heteroclinic connections existence between Oy and Og, O3 and 03 can be shown
in the same way considering in (3.3),(3.4) the 3-dimensional invariant subspaces

T3 = O,yl = O, Ys = 0. (361)

1)
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(i.e) the system

Z1 = z1(01 — 21 — p12t2)
Ty = 13(09 — T2 — p2171) (3.62)
Yo = y2(52 — Y2 — i1 — 77121‘2)

and

T3 = 0,y1 = 0, Yo = 0. (363)
(i.e) the system
T = z1(01 — 1 — P1272)

Ty = 13(09 — To — p2171) (3.64)
Yz = y3(d3 — Y3 — M1T1 — MaT2)

respectively. Proof for i7) and i) is in same way than above. Thus, we have proved
the existence of heteroclinic trajectories O; — O;, O; — O;, O; = O, and hence, of
a heteroclinic network I' for the system (3.3)-(3.4). W

3.5 Two-dimensional unstable manifolds

In this section we impose conditions under which all saddle equilibrium points in
the heteroclinic network_F will have two-dimensional unstable manifolds. Consider
for instance, the point O;. The Jacobian matrix of system (3.3)-(3.4) has the form

( ol ) (3.65)

where
o1 — 2x1 — p12T2 — P13T3 —p1271 —pP13T3
A= —p21T2 02 — 213 — 2171 — P23T3 —p23T2
—pP3123 —pP3273 03 — 2x3 — pP3171 — P32T2
—Mi1Y1 —"M2¥Y1 —M3y1
B= 1 —nay2 —N2y2 —n3y |,
—M31Y3  —7M32Ys —T1)33Y3
00O
0= 0 0 0 ],
0 0 0
C = ( C1 Cy C3 ),
with

0 — M1T1 — a2 — Ni3Ts — 2y1 — Y2612 — Y313
c = —142621 ;
—1y3&31
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—11&12

Cy = 02 — M21T1 — Mo2Z2 — N23®s — Y1621 — 2y2 — Y3&as )
—3&32
—1113

3 = —12623

03 — 13171 — M32T2 — N33Ts — Y1&31 — Y232 — 2Y3

We can see that matrix (3.65) evaluated at O, is a block diagonal matrix. So,
its characteristic equation has the form of the product

m(A)s(A) = (A* +aX? + A+ d)(N + el + fA+g) =0 (3.66)
Roots of the m(\) (master) are known. They are \; = —01, Ay = 09— p2101, A3 =

03 — p3101; one of them is positive and two others are negative. Consider now the
equation s(A) (slave). We obtain that

e= (&1 + &1+ 1)(01 —muor) — 0a — 03 + 01(N21 + M3101), (3.67)

67 (€1 + o1 + &31) — 01(02(&a1 + 1) + 85(E1 + 1) — 01 (—2m11 (§11 + Emn
+&31) + M1 (&1 + 1) +m31(821 + 1)) + 62(03 + o1 (1131 + M1 — 131) )+
o103(m1&a1 + M1 — m21) + o1 (y (E1s1 + &1 + &) — M1 (21 + a1+
n31éa1 + M31) + N21731) )

f=

(3.68)
and

g = (61 — m101)(§21(61 — M1101) — 02 + M2101)(€31(01 — M1o1) — 93 + 3101). (3.69)
We use the following result (Proposition) of [6].
Proposition 3.5.1 We consider the equation
N4+ pA2 + g\ + 17 =0. (3.70)

Let  =pg—r. Ifr <0, <0 o0rr<0,q>0,0>0 then, the roots A, Ag, A3
satisfy the inequalities

Re); < O, Re)ls < O, ReXs > 0. (371)

Inour case p=-e,q= f, r =g and § = v, where

[ (01(&o1 + &1 + 1) — 62 — 03 — m1o1éor — 1101€31 — M1101 + 2101 + 713101)
(87 (€181 + &o1 + &) — 01(62(&1 + 1) + 5(&1 + 1) — o1 (—2011 (St + Eon
+&31) +1m21(&31 + 1) +m31(§a1 + 1)) + 02(03 + o1(m11831 + 11 — 131)) + 01
(03(m1&a1 + mu — m21) + o1 (nfy (E1&a1 + Ea1 + E31) — M1 (N21&ar + M1 + 316
+m31) + 121m31))) — (01 — 1m1101) (€21 (01 — M1101) — 2 + M2101) (§31 (01 — M1

[ 01) — 03 +13101)

(3.72)
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We obtain the following result

Lemma 3.5.1 If the inequalities g < 0,f <0 or g <0, f > 0,7 > 0 are satisfied
then, W*(O,) = 2.

Proof. First we know that the characteristic equation (3.66) of Jacobian matrix
evaluated in O; has the eigenvalues (roots of m(\)) A\ < 0,y > 0, A3 < 0. Second
by hypothesis we have that ¢ <0, f <0or g <0, f > 0,7 > 0. It implies (because
of Proposition 3.5.1) that another eigenvalues (roots of s(\)) Ay, A; and Ag satisfy
the inequalities

Rely <0, Reds < 0, ReAg > 0.

So, there are two eigenvalues Ay and Ag such that ReAag > 0. The rest of eigenvalues
)\1,374,5, S&tley that R€/\173,475 < 0. It 1mp11es that Wu(Ol) =2. N

Thus, the equilibrium point O; has exactly 2 positive eigenvalues and 4 negative
ones. Similarly we obtain

Lemma 3.5.2 Consider O* € O = {01, 02, 03, Ol, 02, 03, Ol, OQ, 03} If the in-
equalities g < 0, f <0 or g <0, f > 0,7 > O(where f,qg,v are the corresponding to
O*, which are shown in the tables 3.1 and 3.2) are satisfied then, W*(O*) = 2.

Proof. The proof for O* € O is exactly the same as for Lemma 3.5.1. B
We present in the tables (3.1) and (3.2) bellow the values of coefficients in charac-

teristic polynomials in terms of parameters of the original system for all equilibrium
points belonging to the heteroclinic network.
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S | C | Values of coefficients (C) of s(\) for every saddle (S)
(&12 +&32 +1)(62 —m2101) — 61 — 03 + o1 (n11 + M31)

f 02(c1(m31(&12+1) +n11(€32 + 1) — 2121 (€32 + &12(€32 + 1)) — 03(&12 + 1)) + 01 (—02(€32 + 1) + 3 +
o1(n21(&32 + 1) —m31)) + 01(83(m21 (12 + 1) — m11) + o1(M21 (n21(§32 + £12(§32 + 1)) — 131 (12 +
1)) — m1(m21(€32 + 1) — 131))) + 02(€32 + €12(€32 + 1))

g (02 — m2101) (62612 — 01 + o1 (N11 — M21612)) (62632 — 03 + 01(N31 — M21€32))

— | Y | (02(&12 + €32 +1) =61 — 63 — m2161201 — M21€3201 +N1101 — N2101 +N3101) (62 (01 (31 (§12 + 1) +
O, n11(§32+1) —2n21 (€32 +&12(€32+1))) —d3(§12+ 1)) + 01 (—02(§32+1) + 03+ 01 (n21 (€32 +1) —n31)) +
01(03(n21(§12+1) —n11) +01(n21(N21 (€32 +€12(€32+1)) —m31 (€12 +1)) =11 (M21(§32+1) —7131))) +
62(&32 + &12(€32 + 1)) — (62 —m2101)(82€12 — 61 + 01 (M1 — M21€12)) (52€32 — 63 + 01 (31 — M21€32))
e (13 + €23 +1)(03 — m3101) — 61 — 62 + o1 (11 + 721)

f d3m21€1301 — 20313181301 +03m1162301 — 20313162301 — 203m31£1382301 — 62(03(§13+1) + 01 (111 —
n31(&13 + 1)) + 61(—63(€23 + 1) + 62 + o1(n31(€23 + 1) — n21)) + S3mi101 + 32101 + 62€13 +
62&13€03 + 6223 + 2 61307 — m21m31€1307 + 2 2302 — m1n31€2307 + 12 €1362302 + Min210s —
771177310? - 772177310%

g (63 — n3101)(—03&13 + 81 + 01(n31€13 — M11))(—I3&23 + 62 + o1 (N31€23 — M21))

03 Y | (03613403823 —01—02+03—m3181301 —n3182301+M1101+n2101 —13101) (6312161301 —263m3161301+
d3n1162301 — 20303162301 —203m3161362301 —02(03(§13 +1) + o1 (11 —m31(§13+1))) +01(—63(E23+
1) + 02 + o1(n31(€23 + 1) — m21)) + d3m1101 + S3me101 + 05€13 + 83€13623 + 03&23 + N3, €1302 —
n21m31€130%7 + 131 €2302 — n11n31€2307 + 31 €13€2307 + M11nM2102 — N11m3102 — M21ns107) — (63 —
13101)(—03€13 + 01 + o1 (n31€13 — M11))(—03&23 + 2 + 01 (M31623 — M21))

€ (€21 + €31 + 1)(01 — m1202) — 02 — 63 + o2(n22 + N32)

f —01(03(&21+ 1) +62(€31 + 1) —o2(n32(&21 + 1) +m22(£31 + 1) — 2m12(&31 + €21 (€31 + 1)))) + 02(d3 +
oa(ma2(&31 + 1) — n32)) + o2(83(m2(€e1 + 1) — m22) + o2(n?5 (€31 + €21 (€31 + 1)) — m2(n32(€21 +
1) + m22(€31 + 1)) + m22m32)) + 02(€31 + €21(€31 + 1))

g (61 — m202)(01&21 — 62 + o2(n22 — M12621)) (01631 — 93 + o2(N32 — N12€31))

. Y (01(&21+&31+1) — 2 — 03 —n1262102 — 1263102 —N1202 +N2202 +13202) (—01 (03 (€21 +1) +2(£31 +
O, 1) —o2(n32(€21 + 1) +m22(€31 + 1) — 2m12(€31 + €21 (€31 + 1)))) + 82(83 + 02 (m12(&31 + 1) — n32)) +
o2(83(ma2 (€21 +1) —n22) + o2 (M5 (€31 + €21 (€31 +1)) —m12(m32(€21 +1) +m22(€31 +1)) +m22m32)) +
82 (€31 + €21 (€31 +1))) — (61 — M1202) (51621 — b2 + 02(n22 — M12€21)) (81€31 — I3 + 02 (32 — N12€31))

€ (€12 4+ €32 + 1) (62 — ma202) — 61 — 03 + o2 (M2 + n32)

f d2(o2(n32(§12 + 1) +ma(§32 + 1) — 2m22(€32 +&12(§32 + 1)) — 03(§12 + 1)) + 61 (—02(€32 +1) + I3 +
o2(n22(€32 + 1) — m32)) + 02(863(n22(&12 + 1) — M12) + o2(n22(n22(€32 + &12(€32 + 1)) — M32(€12 +
1)) — m2(n22(€s2 + 1) — n32))) + 62(&32 + €12(€32 + 1))

g (02 — m2202) (62612 — 01 + 02(n12 — M22612) ) (02632 — 03 + 02(N32 — M22632))

Y (62(&12 + €32 + 1) — 61 — 03 — n22&1202 — N22€3202 + 1202 — N2202 + N3202)(d2(02(N32(€12 + 1) +
m2(€32+1) —2n22(E32+£€12(€32+1))) —63(E12+1)) + 01 (—02(32+ 1) + 03+ 02 (n22(§32+1) —n32)) +
02(03(n22(&12+1) —m12) +02(n22(n22(€32 +€12(E32 +1)) —n32(&12 4+ 1)) —m2(n22(E32 +1) —n32))) +
82(&32 + &12(€32 + 1)) — (62 —m2202) (82€12 — 61 + o2 (12 — M22€12) ) (52€32 — 63 + 02 (32 — M22€32))

@

0O,

Table 3.1: The table shows the values of coefficients of s(A) = A* +eA* + fA + g and
value of v = ef — g for saddles Oy, O3, 01 and Os.
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S | C | Values of coefficients (C) of s(\) for every saddle (S)
(€13 + €23 + 1)(63 — m3202) — 61 — d2 + o2(m12 + n22)

f 03n2261302 —  203m326§1302  + 031262302 —  203m3262302 —  203m32§1362302 —
02 (03 (613 + 1) + o2 (m2 —m32 (613 +1))) + 61 (=03 (§23 + 1) + 02 + 02 (32 (§23 + 1) — m22)) +
83m1202 + 032202 + 02€13 + 63€13€03 + 62€23 + N20€1303 — M22132€1303 + 135E2303 — 123282303 +
N25€13€2302 + M121M2205 — N12M3203 — N2213203

g (63 — m3202) (—d3&13 + 81 + o2 (M32€13 — M12)) (—F3€23 + 62 + 02 (n32€23 — M22))

O3 | 7V | (63813403823 —01—82+03—n3261302 —N32€2302+ 11202 +12202— 13202 ) (J31m22€1302 — 20373261302+
83m12€2302 —203M3282302 — 20313261362302 —d2(03(E13+1) +o2(n12 —n32(£13 +1))) +01(—d3(E23 +
1) + 02 + o2(n32(€23 + 1) — m22)) + d3m1202 + S3ne202 + 05€13 + 63€13623 + 03&23 + N2x€1303 —
N22M32€130% + 13262302 — 1213282303 + N35€13€2302 + 1212203 — N127M3202 — M22N32035) — (63 —
13202)(—03€13 + 01 + 02(n32813 — M12))(—03&23 + d2 + 02(N32623 — 122))

€ (€21 + €31 + 1)(01 — m1303) — b2 — I3 + 03(n23 + N33)

f —61(63(€21 + 1) +82(€31 +1) —o3(n33(€21 + 1) +m23(€31 + 1) —2m13(€31 + €21 (€31 +1)))) + 52(53 +
o3(ms(&31 + 1) — n33)) + o3(53(m3(€e1 + 1) — m23) + o3(?5 (€31 + €21 (€31 + 1)) — m3(m3s (€21 +
1) +n23(€s1 + 1)) + m23nas)) + 62(€s1 + €21 (€31 + 1))

g (01 —ms3o3) (01821 — 92 + 03 (23 — M13€21)) (61631 — 03 + 03 (133 — M13&31))

N Y| (01(é21+E€31+1)— 82— 83 —n1382103 —N13€3103 —N1303 +N2303 +13303)(—01(63(E21 +1) +2(€31 +
Oq 1) —o3(n33(&21 + 1) +7m23(31 + 1) — 2m13(€31 4+ €21 (€31 4+ 1)))) 4 62(83 + 03 (m13(£31 + 1) — m33)) +
03(63(ms(€21 +1) —n23) +o3(n3s (€31 + €21 (€31 +1)) —mi3(n3s (€21 + 1) +m23(E31 +1)) +m23ns3)) +
62(€31 + €21 (€31 + 1)) — (61 —m1303)(81€21 — 62 + 03(n23 — Mm3€21))(81€31 — 63 + 03(n33 — M13&31))

S (&12 + €32 + 1) (02 — n2303) — 01 — 03 + o3(N13 + N33)

f d2(03(n33(&12 +1) +m13(€32 + 1) —2m23(€32 +&12(§32 + 1)) —93(§12 + 1)) +01(—02(€32 + 1) + 03 +
o3(n23(€32 + 1) — m33)) + 03(63(m23(&12 + 1) — m13) + 03(N23(1n23(§32 + £12(§32 + 1)) — 133(12 +
1)) — ma(n23(&2 + 1) —133))) + 03 (€32 + €12(€32 + 1))

g (02 — m2303) (02€12 — 01 + 03 (13 — M23&12)) (62632 — 03 + 03 (133 — 123&32))

~ Y (62(&12 + €32 + 1) — 81 — 03 — 2361203 — M23€3203 + N1303 — N2303 + 13303)(62(03(N33(§12 + 1)
O, m3(E32+1) —2m23(E32+€12(€32+1))) —03(E12+1)) + 1 (—02(E32+ 1) +63 +03(n23(£32+1) —n33))
03(03(n23(&12+1) —n13) +03(123(N23 (€32 +€12(€32+1)) —n33(€12+1)) —m13 (123 (§32+1) —133)))
82 (€32 + €12(€32 + 1)) — (62 — m2303) (82612 — 61 + 03(M13 — M23€12)) (82€32 — I3 + 03 (133 — N23E32))

€ (€13 + €23 + 1)(03 — m3303) — 61 — d2 + o3(mi3 + m23)

f 03m23€1303  —  203m3381303  +  O3mas2sos  —  203m33€2303 —  203m33€1362303  —
02 (63 (§13 + 1) + 03 (M3 — 133 (13 +1))) + 1 (—03 (§23 + 1) + 02 + 03 (33 (§23 + 1) — m23)) +
63m303 + 0312303 + 62£13 + 62£13803 + 62£23 + 133€130% — N23133€1305 + 13362303 — 1313362307 +
n33€13€23073 + M13M2303 — 13733075 — N2373303

g (03 — n3303) (—03&13 + 1 + 03 (n33€13 — M3)) (—I3&23 + d2 + 03 (N33&23 — M23))

Os | v | (6s€13+083823—01—62+03—n33€1303—M33€2303+M1303+M2303—n3303) (J3m23€1303— 28373381303+
d3m3&2303 — 20373382303 — 203m33€1382303 —02(d3(§13+1) +o3(m3 —m33(§13+1))) +61(—d3(§23 +
1) + 02 + o3(n33(€2s + 1) — m23)) + d3m1303 + 632303 + 02€13 + 52€13€23 + 02€23 + n33€1302 —
N23M33€1302 + 13362302 — N13N33€2302 + N35€13€2302 + M1312303 — N1373302 — M23N33032) — (63 —

13303)(—03&13 + 01 + 03(n33813 — M13))(—d3&23 + d2 + 03(n33623 — 123))

@

+
+
+

Table 3.2: The table shows the values of coefficients of s(A) = A* +-eA? + fA 4 g and
value of v = ef — g for saddles O3, O, Oy and Os.

Each heteroclinic trajectory belonging to the heteroclinic network lies in an in-

variant subspace of our system. It is important to obtain some information about
behavior of the system in these subspaces.

3.6 Stability on 4-dimensional subspaces

We remind, first, the known stability criterion.
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Let (ao, ...a,) be the coeflicients of the polynomial
A" + a N+ L Fay,. (3.73)

We construct an (nxn)-matrix

a1 as as 0 0
ag Qo Q4 0 0
0 a; das 0 0
A= 0 a a 0 0 (3.74)
0O 0 0 ... ap_1 O
0O 0 0 ... an_2 ay,

and find the special minors A;, i = 1,...,n, i.e. A; is the determinant of the
matrix thse entries lie on the intersection of the first ¢ rows and the first 7 columns
of matrix A.

Proposition 3.6.1 (Routh-Hurwitz criterion.) All characteristic exponents
have negative real parts if and only if each A; is positive(see [5]).

We apply now this criterion for all points in the heteroclinic trajectory starting
with O; in the invariant subspace x5 = y9 = 0.

Proposition 3.6.2 Consider the invariant subspace of the system (3.3)-(3.4)
If A1, Ao, Asg and Ay are positive with

Ay = &31(61 — m10o1) + 61 — 03 — Mot + 3101 + pa101 + 01 — 03,

63(—03(2631 + 1) + 01(n31 (2631 + 1) — (€31 + 1)(€31(B3m1 — p31 — 1) — paa

— 1)) + (&1 + 1)*(—03)) + 61(263((£31 + Lo — o1 (—m1(2€31 + 1) + m31

+ (&1 + D(p31 + 1)) + 63 + o7 (2011 (031 (2631 + 1) + (&31 + 1)*(p31 + 1))
+2n31(&31 + 1)(p31 + 1) + 3nf €31 (€31 + 1) +n3y + (€31 + D(ps1 + 1)?) + 2
(€31 + 1)o1o3(m1(€s1 + 1) — m31 — ps1 — 1) + (€31 + 1)o3) — 83(o1 (11 — p31
— 1) +03)(o1(m1(2631 + 1) — 2031 — p31 — 1) + 03) + 63 (01 (—m1 + p31 + 1)
—03) + 05831 (€31 + 1) + o1 (nfro1 (01 (31(2631 + 1) + (€31 + 1) (p31 + 1)) —
(&1 +1)%03) — m1(oF (2m31 (€31 + 1)(ps1 + 1) + 031 + (€31 + 1) (pa1 + 1)%)—
2(€31 + 1)ogo1(ns1 + ps1 + 1) + (€31 + 1)03) + 031 (—€31) (€31 + 1)of + (031
+ 1)((ps1 + 1)o1 — o3)(n3101 + p3101 — 03)),

Ao =
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(&31((p31 + 1)o1 — 03)67 + (91((€31 + 1) (p3101 — 03) + n31((p31 + 1)o1 — 03)
—2m11831((p31 + 1)01 — 03)) — 03((p31 + 1)o1 — 03))d1 + o1(01(€31((p31 + 1)
o1 —a3)ni1 + (—(€31 4+ 1) (ps101 — 03) — m31((p31 + 1)o1 — a3))m1 + 31 (pa1

o1 — 03)) + d3(—ps1o1 + m1((ps1 + 1)o1 — 03) + 03))) (M17M310% + N11psios+
N1M31P3105 — 1N31p3105 — 83m1107 — d1m3105 — 61p3107 + d3p3107 — d3n11ps10%
— 611313107 4+ 1m11€31 (81 — M101)03 + 1131031 (81 — Mi1o1)os + E31p31(M101
—81)0% —m10307 —M1N31030% + M31030% + 818301 + 6103p3101 — 9131 (01—
Az = M101)o1 — 61€31p31(61 — Mm101)01 + 010301 — 30301 + 0310301 + 011310301
+&31(61 —m1o1)osor +mi&si1(mior — d1)ozo1 — 819303 + 01£31(61 — M1101)
o3+ (81 — 63 — 1101 + 3101 + p31o1 + o1 + £31(81 — N1101) — 03)(€E3107+
(=03 + (m31 + p31 +&31(—2m11 + p31 + 1) + 1)o1 — (€31 + 1)03)d1 + d3((N11—
p31 — 1)o1 + 03) + o1(€3101mF; — (31 + (€31 + 1) (ps1 + 1))o1 — (€31 + 1)o3)
M1+ p3101 +n31((p31 + 1)o1 — 03) — 03))) — 01(61 — N1101)(—d3 + 1631+
(n31 —m11€31)01)(p3101 — 03)(63 — 61(€31 + 1) + m1101 — N3101 + N11€3101—
p31o1 — o1 + 03)?

and
01(61 — m101)(—83 + 61&31 + (M31 — N11€31)01)(p3101 — 03)((€31((p31 + 1)o1—

03)8% + (o1 ((€31 + 1)(p31o1 — 03) + n31((p31 + 1)o1 — 03) — 2n11€31((p31 + 1)
01— 03)) — d3((ps1 + 1)o1 — 03))d1 + 01(01 (€31 ((ps1 + 1)o1 — o3)niy + (—

(€31 +1)(p31o1 — 03) —n31((p31 + 1)o1 — 03))n11 + N31(p3101 — 03)) + d3(—
p3101 +mi1((ps1 + 1)o1 — a3) + 03))) (M113105 + M11p3105 + M11131p3105 — 131
p310% — 33m1107 — 8113105 — 81p3107 + 3p310% — 03m11p310% — 81131p310% + 111
€31(61 — m101)07 + 13131 (81 — M101)0T + E31p31(M1101 — 61)0F — M10307
Ay = — N1N31030F + 1310307 + 810301 + 6103p3101 — 61€31 (61 — M101)o1 — S1€31p31
(01 —mio1)o1 + 910301 — 030301 + 03110301 + 011310301 + £31(81 — M101)0301
+m1&31(mio1 — d1)o301 — 610303 + 61631(61 — M1o1)o3 + (61 — 03 — Mr1o1+
n3101 + p3101 + o1 + €31(81 — M101) — 03)(£3167 + (=33 + (131 + p31 + €31 (—2
N1+ p31 + 1) + 1)o1 — (€31 + 1)03)d1 + 83((11 — p31 — 1)o1 + 03) + 01(€3101
ni1 — (31 + (€31 + 1)(ps1 + 1))o1 — (€31 + 1)os)ni1 + psror +n31((ps1 + 1)

01 —03) —03))) —01(d1 —n1101)(—03 + 0131 + (n31 — M1£31)01)(P3101 — 03)
(63 — 81(€31 + 1) + mu101 — n3101 + M1€s101 — p31o1 — o1 + 03)?).

Then the equilibrium point O is stable node on the invariant 4-dimensional subspace

(3.75).
Proof. First the invariant 4-dimensional subspace (3.75) has the form

¥ = x1(01 — o1 — p13T3)

Ty = x3(03 — T3 — p3171)

. 3.76
Y1 = y1(51 —y1 — &13Ys — 1Tt — 7713903) ( )
s = y3(03 — Y3 — E3191 — M31T1 — N33%3).

We obtain that characteristic equation p(A) of Jacobian matrix of system (3.76)
evaluated at equilibrium point O; has the form

P(A) = aoX' + a1 X’ ap)? + agh + ay, (3.77)

where ag = 1, a1 = &31 (61 — m1o1) + 61 — 03 — 1101 + M3101 + p3101 + 01 — 03,
01(—03 + 01(&31(—2m1 + ps1 + 1) +m31 + p31 + 1) — (€31 + 1)o3) + d3(0y

Qg = (M1 — p31 — 1) + 03) + 67&1 + o1 (= (o1(n31 + (&1 + 1) (p31 + 1)) — (€
+1)o3) + 77%153101 +131((ps1 + 1)oy — 03) + ps101 — 03),



CHAPTER 3. HETEROCLINIC NETWORK FOR A MASTER-SLAVE SYSTEM23

— 01(o1(—=2n11&1 ((p31 + L)o1 — 03) + n31((ps1 + 1)or — 03) + (&1 + 1) (a1
o1 —03)) — 03((p31 + 1)o1 — 03)) + 01(3(1 ((p31 + 1)1 — 03) — ps101 + 03)
+ 01(51&1((ps1 + L)or — a3) + mua(—n31((p31 + 1)1 — 03) — (&1 4+ 1) (psi01
— 03)) + N31(ps101 — 03))) + 67€a1 ((ps1 + 1)or — 03)

and
a4 = 01 (/)3101 - 03) (51 - 771101) (51531 - (53 + 01 (7731 - 7711531)) .

Now we construct the 4x4 matrix

a; as 0 0
T apg Qa2 Qag 0
A= 0 0 (3.78)

0 ap ax aq

and find the special minors Al,AQ,Ag and A,. One can check that A; =
Al,Ag = AQ,Ag = Ag and Ay = A4 We know by hipotesis that all special
minors are positive, therefore because of Routh-Hurwitz criterion the roots A; of
(3.77) satisfy that ReAj234 < 0, and so O, is stable node. H

Similarly we obtain the following Proposition.

Proposition 3.6.3 If Ay, Ay, Ay and Ay (where the special minors A; are the cor-
responding to each equilibrium point, which are shown in tables 3.8,3.4,3.5 and 5.6)
are positive, then the equilibrium points Os, Os, Oy, 02, 03, 01, Oy and Oy are stable
nodes on the invariant 4-dimensional subspaces of the system (3.3)-(3.4) x3 = y3 =
0,23 =91 =0,23=9=0,01=y3 =0,y =91 = 0,01 =y = 0,02 = y3 = 0 and
xo = 1y = 0 respectively.

Proof. The proof for each one of equilibrium points is exactly the same as for
Proposition 3.6.2. &

The values of special minors in terms of parameters of the original system are
shown in tables (3.3)-(3.6) bellow.
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S | A;| Values of A, for the equilibrium points O, and O3

Al €12 (62 — m2202) — 61 + 82 + M1202 — N2202 + p1202 — 01 + 02

AQ 63 (o2(m2(2612+1) — (€12 + 1) (E12(3n22 — pr12 — 1) — p12 — 1)) — (€12 + 1)%01) + 62 (—2(E12 + Vo201 (—n22 (€12 +
1) +ni2+p12+1) +U%(2W12((§12 +1)(p12+1) —n22(2812+ 1)) + (€12 + 1) (—2122(£12 + 1) (p12 + 1) +3U§2512 +
(p12 + 1)) +n35) + (€12 + 1)0T) — 81(62 + 02 (—m22 + p12 + 1) — 01)(82(2612 + 1) + 02 (—n22(2812 + 1) + 2m12 +
pr2+1)—o1)+67(82+02(—n22 +p12+1)—01) +85€12(E12 +1) +02(—0201 (—n22(E12+1) +n12+1) (=022 (E12 +
1) +n12 + 2p12 + 1) + 03 (135 (€12 + 1)%(p12 + 1) — n22(€12 + D(p12 + 1) + n12(n22 — p12 — 1) (n22(2612 + 1) —
p12 — 1) + 135 (—€12) (€12 + 1) + 0y (—n22 + p12 + 1) + p12(p12 + 1)) + 05 (—m22(€12 + 1) + m2 + 1))

A3 (€12((p12+1)o2 —01)83 + 02 (€12 +1)p12 +m2(p12 +1) — 2n22€12(p12+ 1)) o2 — (M2 + (1 —2n22)€12 + 1)01)62 +
51(82(01 — (p12 + 1)o2) + o2((n22(p12 + 1) — p12)o2 — (n22 — 1)o1)) + o3 (n12((n22 — Vo1 — (n22(p12 + 1) —
p12)02) +n22((1 = (n22 — 1)€12)01 + (M22€12(p12 +1) — (E12 + 1)p12)02))) (M12n2205 —n12p1205 +M12022p1205 +
n22p1205 — 82m1203 — 81712205 + 61p1203 — 62p1203 — 62M12p120% — 51M22p1205 + N120103 — 121220105 —
N220103 + 12281282 — N2202)03 + N22€12p12(82 — N2202)05 + £12p12(N2202 — 862)05 + 516202 + 8102p1202 —
810102 + 820102 + d2m120102 + d1m220102 — 82612(02 — M2202)02 — d2€12p12(d2 — M2202)02 + £1201 (82 —
12202)02 + 12281201 (N2202 — d2)02 — 610201 + 0281201 (62 —n2202) +(—61+ 62 — o1 +N1202 —M2202 + p1202 +

. o2+€12(82 —n2202)) (1205 +((M2+p12+E12(=2n22+p12+1)+1)o2 — (€12 +1)01)02 — 81 (82 — 01 +(—n22 +p12+
02 1)o2)—o2((ni2 —n22(f12+1)+1)oy +(7§1277§2 +(&12+1)(p12+1)n22+n12(M22 —p12 —1) — p12)0o2))) —02(d2 —
n2202) (81 — 2612+ (n22812 —M12)02) (01 — p1202) (—81 +062 — 01+ 11202 —N2202 + p1202 + 02 +€12(82 —M2202))2

A4 02(62 — n2202) (81 — S2€12 + (22612 — M12)o2)(01 — p1202)((E12((p12 + 1oz — 01)65 + o2(((€12 + 1)p12 +
nz2(p12 +1) —2n22812(p12 + 1))o2 — (12 + (1 — 2m22)€12 + 1)01)d2 + 51 (62(01 — (p12 + 1)o2) + o2((n22(p12 +
1) — p12)o2 — (22 — 1)o1)) + o2 (n2((n22 — Do1 — (m2(p12 + 1) — p12)o2) + n22((1 — (n22 — 1)&12)o1 +
(n22€12(p12 + 1) — (12 + 1)p12)02))) (M1212205 — N12p1205 + N12122p1205 + N22p1205 — S2m1203 — S1m2203 +
81p1205 — 82p1205 — 82m12p1205 — 8112201205 + N120105 — N120220105 — 1220105 + N22812(02 — M2202)05 +
n22€12p12(82 — N2202)03 + E12p12(N2202 — 82)03 + 810202 + 6182p1202 — 810102 + 620102 + San120102 +
d1m220102 — 62€12(82 —n2202)02 — 62812p12(82 —M2202)02 +€1201 (82 —n2202)02 + 12281201 (2202 — 62)02 —
818201 +82€1201 (62 — M2202) + (=81 + 82 — 01 + 11202 — N2202 + p1202 + 02 +E12(62 — N2202)) (€1285 + ((n12 +
p12 + &12(=2m22 + p12 + 1) + 1)o2 — (12 + 1)01)d2 — 81 (62 — o1 + (=m22 + p12 + 1)o2) — o2((n12 — n22(&12 +
1)+ o1 + (—€12n35 + (€12 + D(p12 + Dn2z + mz2(n22 — p12 — 1) — p12)02))) — 02(62 — n2202) (61 — 62612 +
(22612 — n12)02) (01 — p1202)(—81 + 82 — 01 + M1202 — N2202 + p1202 + 02 + £12(62 — n2202))?)

Al €23 (03 — m3202) — 82 + 83 + N2202 — M3202 + p1202 — 01 + 02

AZ 63 (02(n22(2€623 +1) — (€23 +1)(€23(3n32 — p12 — 1) — p12 — 1)) — (€23 + 1)%01) + 63 (—2(€23 + 1) o201 (—n32(E23 +
1)+ 22 +p12 +1) + 03 (2022 ((€23 + 1) (p12 +1) — 132(2€23 + 1)) + (€23 + 1) (—2n32 (€23 + 1) (p12 + 1) + 3n3z€23 +
(p12 + 1)) +135) + (€23 + 1)03) — 82(63 + 02 (—m32 + p12 + 1) — 01)(83(2€23 + 1) + 02 (—n32(2€23 + 1) + 2m22 +
p12+1)—01)+683 (85 +02(—n32+p12+1) —01) +03€23(E23+1) + 02 (—0201 (—n32(E25 +1) +m22 +1) (—n32(E25 +
1)+ naz + 2p12 + 1) + 03 (13 (628 + 1% (p12 + 1) — n32(€23 + 1) (p12 + 1% + n22(n32 — p12 — 1)(n32(2823 + 1) —
p12 — 1) + 135 (—€23) (€23 + 1) + n35(—n32 + p12 + 1) + p12(p12 + 1)) + 05 (—n32(£23 + 1) + m22 + 1))

A3 (€25((p12+1)02 —01)8% + 02 (((€23+1)p12 +m22(p12 +1) — 2m32€23(p12 +1)) 02 — (n22 + (1 —2n32)€23 +1)01)d3 +
62(83(01 — (p12 + 1)o2) + o2((n32(p12 + 1) — p12)oz — (132 — 1)o1)) + 03 (n22((ns2 — Vo1 — (n32(p12 + 1) —
p12)02) +132((1— (132 — 1)€23)01 + (132623 (p12 +1) — (€23 +1)p12)02))) (N22n3205 — N22p1205 +N22n32p1205 +
n32p120%5 — d3n2203 — dam3203 + 62p1205 — 63p1205 — 63022p1205 — d2n32p1205 + N220105 — N22N320105 —
n320103 + 132€23(03 — N3202)03 + N32€23p12(53 — N3202)05 + £23p12(N3202 — 83)0 + 820302 + d283p1202 —
090102 + 630102 + d3n220102 + damz20102 — 63823(83 — M3202)02 — 63€23p12(83 — M3202)02 + €2301(d3 —
n3202)02 + 13282301 (N3202 — 83)02 — 028301 + 6382301 (03 —n3202) + (=02 + 63 — 01 +n2202 —M3202 +p1202+
02+623(63 —13202))(€2303 + ((N22+p12+E€23(—2n32+p12+1) +1)o2 — (€23 +1)01)d3 — 62 (83 — o1 +(—n32 +p12+
03 1)o2) — o2 ((n22 —n32(E23 +1) +1)o1 + (—€23035 + (€23 +1) (p12 + 1)n32 + 122 (132 — p12 — 1) — p12)02))) —02(63 —
n3202) (82 — 53823 + (132823 —N22)02) (01 — p1202)(—d2 +03 — 01+ 12202 —N3202 + p1202 + 02 +E€23(83 —13202))2

A4 02(83 — n3202) (82 — 83623 + (n32€23 — n22)02)(01 — p1202)((E23((p12 + L)oo — 01)83 + o2(((E23 + L)p12 +
n22(p12 +1) — 2n32€23(p12 +1))o2 — (22 + (1 — 2132)€23 + 1)01)d3 + 82(83(01 — (p12 + 1)o2) + 02((n32(p12 +
1) — p12)oz — (132 — 1)o1)) + 03 (n22((n32 — Vo1 — (n32(p12 + 1) — p12)o2) + n32((1 — (n32 — 1)€23)01 +
(n32€23(p12 + 1) — (€23 + 1)p12)02))) (22113205 — n22p1205 + n22132p1205 + N32p1205 — 63m2203 — 62m3203 +
62p1205 — 83p12035 — 83M22p1205 — 82M32p1205 + N220105 — 220320105 — 320105 + N32823(03 — M3202)05 +
n32€23p12(83 — N3202)03 + E23p12(N3202 — 83)03 + 820302 + 6283p1202 — 820102 + 630102 + S3n220102 +
dam320102 — 63€23(83 —M3202)02 — 63€23p12(03 —M3202)02 +£2301 (83 —n3202)02 + 13282301 (3202 — d3)02 —
828301 + 8362301 (83 — n3202) + (=82 + 83 — 01 + 12202 — N3202 + p1202 + 02 + 23 (63 — N3202)) (€233 + ((n22 +
P12 +€23(—2m32 + p12 + 1) + 1)o2 — (§23 + 1)01)d3 — 62(83 — 01 + (—n32 + p12 + 1)o2) — 02((n22 — n32(§23 +

1) + 1)o1 + (—€23m35 + (€23 + 1)(p12 + D)nsz + n22(n32 — p12 — 1) — p12)02))) — 02(83 — N3202) (52 — S3f23 +

(n32€23 — n22)02) (01 — p1202)(—82 + 83 — 01 + M2202 — N3202 + p1202 + 02 + £23(63 — n3202))?)

Table 3.3: The table shows the values of A; for equilibrium points O, O3 on 4-
dimensional subspaces x3 = y3 = 0 and x3 = y; = 0 respectively.
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S | A;| Values of A; for the equilibrium points O, and O,

A1 €31 (61 — m202) + 61 — 83 — M1202 + N3202 + p1202 — 01 + 02

AQ 63 (—03(2631 +1) +02(n32(2631 +1) — (€31 + 1) (€31 (312 — p12 — 1) — p12 — 1)) + (€31 +1)2(—01)) + 61 (203 (€31 +
o1 — o2(—n12(2631 + 1) +n32 + (€31 + ) (p12 + 1)) + 62 + 05 (—2n12(n32(2€31 + 1) + (€31 + D% (p12 + 1)) +
2n32(€31 + 1) (p12 +1) + 3035631 (€31 +1) + 135 + (€31 + 1) (p12 + 1)) +2(€31 + 1)o102(n12(€31 +1) — n32 — p12 —
1)+ (€31 + 1)o3) — 83(o2(nm2 — p12 — 1) + 01)(02(n12(2€31 + 1) — 2032 — p12 — 1) + 01) + 83 (02 (—m12 + p12 +
1) —o1) +03€31 (€31 +1) + 02(—0201 (n12(631 +1) — 032 — 1) (n12(€31 +1) —n32 — 2p12 — 1) + 05 (N5 (n32(2€31 +
1)+ (€31 + )% (p12 + 1)) — m2(2n32(€31 + 1) (p12 + 1) + 135 + (€31 + D(p12 + D) + 135 (—€31) (€31 + 1) + (n32 +
1)(p12 + 1)(n32 + p12)) + 07 (—n12(€31 + 1) + n32 + 1))

A?) 02(81 —mi202)(—d3 +061831 + (n32 —Mm2831)02)(01 —p1202)(d3 —61(§31 + 1)+ 01 +n1202 —N3202 +M12863102 —
p1202 — 02)" + (1M121M3205 + N12p1205 + N121M32P1205 — N32p1205 — 0311205 — §1M3205 — 81p1205 +33p1205 —
83M12P1205 —81032p1205 — 0120105 —11213201 05 +n320105 +n12€31 (81 —11202)05 +n12631p12(81 —n1202) 05+
€31p12(n1202 —81)03 +810302+8103p1202 +810102 — 030102 +031120102 +81n320102 — 6131 (81 —N1202)02 —
81€31p12(01 —mi202)o2+€3101 (81 —Mm202)o2+m1283101(N1202 —61)o2 — 816301 +6183101 (61 —m1202) + (61 —
63 — 01 —M1202 + N3202 + p1202 + 02 + €31 (81 — 11202)) (£3187 + (=03 — (€31 + 1)1 + (n32 + p12 + €31 (—2m12 +
O' p12+1)+1)02)81 +83(01 + (12 — p12 — 1)o2) + o2 ((—n32 + M2 (€31 +1) — 1)1 + (E311F5 — (132 + (€31 + 1) (p12+

1 )Mz + p12 +n32(p12 +1))02))) (€31 (P12 + Doz — 01)87 + (83(01 — (p12 + 1)o2) + o2 (((€31 + 1 p12 + n32(p12 +
1) — 2m12€31(p12 + 1))o2 — (n32 + (1 — 2n12)€31 + 1)01))d1 + 02(d3((m2(p12 + 1) — p12)o2 — (m2 — 1)o1) +
o2(€31((p12 + Doz — o1)nfy + (32 + €31 + o1 — (€31 + Dp12 + n32(p12 + 1))o2)m2 + n32(p1202 — 01))))

A4 02(81 —m202)(—d3+81€31 +(n32 —M12831)02)(p1202 —01)(02(81 —n1202)(—03+01831 + (n32 —n12€31)02) (01 —
p1202)(83 =81 (€31 +1)+01+n1202 —n3202 + 11263102 — p1202 —02)~ +(N1213205 + 1121205 +112032p1205 —
N32p120%5 — 8301203 — §1m320% — §1p1203 + 831205 — 6371201205 — 0113201205 — N120105 — N121320105 +
n320105 + 112631 (61 — 11202)03 + N12£31p12(61 — N1202)03 + E31p12(N1202 — 61)02 + 818302 + §103p1202 +
810102 — 630102 + 83120102 + S1m320102 — 61€31(81 — M1202)02 — §1€31p12(81 — Mi202)02 + €3101(81 —
M1202)02 +n1263101(N1202 — 61)o2 — 610301 +8163101(81 —N1202) + (61 — 63 — 01 —M1202 +M3202 + p1202 +
o2 + €31(81 — n1202))(€3105 + (—63 — (€31 + 1)o1 + (n32 + p12 + €31(—2m12 + p12 + 1) + 1)02)d1 + d3(01 +
(12 — p12 — 1)o2) + 02 ((—n32 + n12(€31 +1) — 1ot + (E31155 — (n32 + (€31 + 1) (p12 + 1))n12 + p12 + n32(P12 +
1))o2)))(é31((p12 + Doz — 01)8% + (83(01 — (p12 + Do2) + o2 (((&31 + Dp12 + ms2(p12 + 1) — 2m2831(p12 +
1))o2 — (n32 + (1 — 2m12)&31 + 1)01))d1 + 02(d3((m2(p12 + 1) — p12)o2 — (n12 — 1)o1) + 02(&31((p12 + 1)o2 —
o103y + (32 + €31 + o1 — ((€31 + Dp1z + n32(p12 + 1))o2)nz + n32(p1202 — 01)))))

A1 €12 (62 — m2303) — 61 + 82 + M303 — N2303 + p230o3 — 02 + 03

AQ 63(03(n3(2812 +1) — (€12 +1)(€12(3n23 — pag — 1) — p23 — 1)) — (€12 + 1)%02) + 62 (—2(€12 + 1) o302 (—n23(E12 +
1) +n13 + p23 + 1) + 03 (2n13((E12 + 1) (p23 +1) — 123 (2612 + 1)) + (12 + 1) (—2n23 (€12 + 1) (p23 + 1) + 3n33€12 +
(p23 + 1)) +n33) + (€12 + 1)03) — 81 (62 + 03(—m23 + p2s + 1) — 02)(62(2€12 + 1) + 05(—n23 (2612 + 1) + 2113 +
p23+1)—02)+03 (52 +03(—n23+p23+1) —02)+035€12(E12+1) +o3(—0302(—n23(E12+1) + 113+ 1) (—n23(E12 +
1) +n13 + 2p23 + 1) + 03 (35 (€12 + D)% (p23 + 1) — n23(E12 + 1) (p23 + 1) + 113(n23 — p2s — 1)(n25(2612 + 1) —
p23 — 1) + n33(—€12) (€12 + 1) + ni3(—m23 + p2s + 1) + p23(p23 + 1)) + 03 (—n23(€12 + 1) + M3 + 1))

AS (€12((p23 +1)o3 — 02)83 + 03 (((E12+1)p23 +m3(p23 +1) —2n23€12(p23 +1))o3 — (M3 + (1 —2n23)€12 +1)02)62 +
81(82(02 — (p23 + 1)o3) + o3((n23(p2s + 1) — p23)os — (123 — 1)o2)) + 02 (m3((n2s — 1oz — (n23(p2s + 1) —
p23)03) +123((1— (23 — 1)€12)02 + (n23€12(p23 +1) — (€12 +1)p23)03))) (N13N2305 — N13p2305 +N13N23P2305 +
N23p230%5 — 82m1302 — §1M23032 + 012305 — 02p2303 — 62711302305 — 01712302305 + N130205 — N131230205 —
n23020% + 123€12(02 — n2303)03 + n23€12p23 (52 — 12303)03 + E12p23(n2303 — 82)02 + 810205 + 8182p2303 —
810203 + 820203 + 02m130203 + d1m230203 — 82812(02 — M2303)03 — 02812p23(d2 — M2303)03 + £1202(52 —
12303)03 +n2381202(N2303 — 82)03 — 810202 +82€1202(82 —n2303) + (=01 + 02 — 02 +N1303 — 12303 +p2303 +

ES 03+£12(62 —12303)) (1205 + ((M13+p2s+E12(— 2023 +p23 +1)+1)o3 — (E12+1)02)d2 — 61 (52 — o2+ (—n23+p2s+
02 1)og) —o3((n13 —n23(E12+1) +1)o2 +(—€12133 + (€12 + 1) (p23 + 1)n23 +n13(n23 — p23 — 1) — p23)o3))) — o3 (62 —
n2303) (81— 82€12+ (23612 —M18)03) (02 — p23os) (—61+02 — o2 +1M1303 —N2303 + p23os+o3+E12(62 —n2303))?

A4 03(62 — n2303)(81 — d2€12 + (23812 — Mm3)os) (o2 — p23o3)((€12((p23 + 1)os — 02)85 + o3(((€12 + 1)p2s +
M3 (p23 +1) — 2n23€12(p23 +1))o3 — (M3 + (1 — 2m23)€12 + 1)02)d2 + 81(82(02 — (p23 + 1)o3) + 03((n23(p23 +
1) — p2s)os — (n23 — 1)o2)) + o3 (ms((n23 — 1oz — (n23(p23 + 1) — p23os) + n23((1 — (123 — 1€12)o2 +
(n23€12(p23+) — (€12 + 1)p23)03))) (M13n2305 — N13p230s + M13N23p2305 + N23p2303 — S2m1303 — S1m2303 +
81p2305 — 82p2305 — 8211302302 — 51M23P2303 + 1130203 — 1130230205 — 1230205 + N23€12(82 — N2303)03 +
n23€12p23(82 — M2303)0% + E12p23(n2303 — 82)03 + 818203 + 8182p2303 — 810203 + 620203 + dan130203 +
81m230203 —82812(02 —M2303)03 — 62€12p23(02 —M2303)03 +E€1202(82 —n2303)03 +n23€1202(N2303 — d2)03 —
618202 + 82€1202 (62 — 12303) + (=81 + 82 — 02 + 11305 — N2303 + p2303 + 03 + E12(62 — N2303))(€12685 + ((n13 +
p23 + &12(—2n23 + p23 + 1) + 1)oz — (12 + 1)02)d2 — 81 (62 — o2 + (=n23 + p23 + 1)oz) — o3((n13 — n23(&12 +
1) + 1oz + (—£12035 + (€12 + 1) (p2s + 1)n2s + ms(n2s — p2s — 1) — p23)os))) — o3(62 — n2303) (61 — 62612 +

(n23€12 — m3)0o3) (o2 — p23o3)(—81 + 62 — o2 + 1303 — M2303 + p23o3 + o3 + £12(82 — N2303))?)

Table 3.4: The table shows the values of A; for equilibrium points Ol,ég on 4-
dimensional subspaces x3 = y» = 0 and x; = y3 = 0 respectively.
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S | A;| Values of A; for the equilibrium points O3 and O,

A1 §23 (63 — m3303) — 62 + 03 + M2303 — N3303 + p23o3 — 02 + 03

AQ 63(03(n23(2823 +1) — (€23 +1)(£23(3n33 — pag — 1) — p23 — 1)) — (€23 + 1)%02) + 63 (—2(€23 + 1)o302(—n33(E23 +
1) +m23 + p23 +1) + 05 (2n23 ((€23 + 1) (p23 + 1) — n33(2€23 + 1)) + (€23 + 1) (—2n33 (€23 + 1) (p2s + 1) + 3025623 +
(P23 +1)%) + n33) + (€23 + 1)03) — 82(63 + 03(—n33 + p23 + 1) — 02)(83(2623 + 1) + 03(—n33(2€23 + 1) + 2n23 +
p23+1)—02)+83 (63 +03(—ns3+p23+1)—02)+06323 (€23 +1) +03(—0302(—n33(E23+1) + 7123 +1)(—n33(E23 +
1) + m23 + 2p23 + 1) + 03 (n33(E23 + 1)%(p2s + 1) — n33(E23 + 1) (p23 + 1)% + m23(n33 — p2s — 1)(n33(2€23 + 1) —
p23 — 1) + 133 (—€23) (€23 + 1) + n33(—n33 + p23 + 1) + p23(p2s + 1)) + o3 (—n33(€23 + 1) + m23 + 1))

A3 (€23 ((p23 +1)o3 —02)83 + 03 (((E23+1)p23 +n23(p23 +1) — 2n33€23(p2s +1))o3 — (n23 + (1 — 2n33)€23 +1)02)63 +
62(63(02 — (p23 + 1)o3) + o5((n33(p23 + 1) — p23)os — (133 — 1)o2)) + o3 (n23((n33 — 1)o2 — (n33(p2s + 1) —
p23)o3) +133((1— (033 — 1)€23) 02 + (133623 (P23 +1) — (€23 +1)p23)03))) (N2303305 — n23p230s +N23n33P2307% +
n33p2305 — 8372303 — S2m3303 + 62p2303 — 63p2303 — 631232303 — 2133p2303 + N230203 — N23N330205 —
n330203 + 133€23 (83 — N3303)03 + N33€23p23 (3 — N3303)03 + E23p23(N3303 — 63)0F + 628303 + 6283p2303 —
820203 + 830203 + 03n230203 + d2m330203 — d3€23(03 — M3303)03 — 03823p23(d3 — M3303)03 + £2302(d3 —
13303)03 +n3382302(N3303 —83)03 — 820302 +0382302(d3 —n3303) + (—02 +083 — 02 +n2303 —N3303 +p2303 +

S o3+€23(83 —n3303)) (€235 +((n23+p23+E23(—2n33+p23+1)+1)o3 — (€23 +1)02)83 —82(83 — o2+ (—n33+p2s+
03 1)o3) —o3((n23 —n33(E23 +1) + 1)oa + (—€23135 + (€23 + 1) (p23 + 1)n33 + 123 (133 — p23 — 1) — p23)03))) — o3 (63 —
n3303) (82 — 83623 + (133623 —n23)03) (02 — p2303)(—d2 +03 — 02+ 712303 — 3303 +p23o3 + o3 +E€23(83 —n3303))2

A4 03(63 — n3303) (82 — d3€23 + (33623 — M23)03) (02 — p23o3)((€23((p23 + 1)o3 — 02)83 + o3(((€23 + 1)p2s +
n23(p23 +1) — 2n33€23(p23 +1))o3 — (23 + (1 — 2n33)&23 + 1)02)d3 + 62(83(02 — (p23 + 1)0o3) + 03((n33(p23 +
1) — p23)os — (133 — 1)02)) + 03(n23((nss — 1)oz — (n33(p2s + 1) — p23)os) + n33((1 — (n33 — 1)€23)02 +
(n33€23(p23 + 1) — (€23 + 1)p23)03))) (N2303305 — M23p2305 + N23133p2305 + N33p2305 — S3n230% — San3303 +
62p230% — 83p230% — 83M23p230% — 82133p230% + N23020% — N23N330205 — N330203 + N33€23(03 — M3303)05 +
n33€23p23 (83 — M3303)0% + E23p23(n3303 — 83)05 + 828303 + 6283p2303 — 020203 + 030203 + d3n230203 +
82m330203 —83623(03 —M3303)03 — 03623p23(03 —M3303)03 +&€2302(83 —n3303)03 +n3382302(N3303 —d3)03 —
820302 +0362302(83 —n3303) + (=82 + 83 — 02 +n2303 — N3303 + p230s + o3 +E23(53 — n3303)) (2305 + ((n23 +
p23 +&€23(—2n33 + p23 + 1) + 1)og — (§23 + 1)02)d3 — 62(83 — 02 + (—n33 + p23 + 1)o3) — 03((n23 — n33(E23 +
1) + 1o + (—£23n35 + (€23 + 1) (p2s + 1133 + n23(n33 — p2s — 1) — p23)o3))) — 03(63 — 13303) (52 — 3823 +
(n33€23 — n23)03)(02 — p23o3)(—82 + 63 — o2 + n2303 — N3303 + p23o3 + o3 + £23(53 — N3303))?)

A1 €31 (61 — m3o3) + 61 — 83 — M1303 + N3303 + p23o3 — 02 + 03

AQ 63 (—03(2¢31 +1) +03(n33(2631 +1) — (€31 + 1) (€31 (3113 — p2s — 1) — paz — 1)) + (E31 +1)2(—02)) + 61 (203 (€31 +
1)og — o3(—n13(2€31 + 1) + n33 + (€31 + 1)(p2s + 1)) + 63 + 03 (—2m13(n33(2€31 + 1) + (€31 + 1)%(p23 + 1)) +
2n33(€31 + 1) (p23 + 1) + 3035631 (€31 +1) + 133 + (€31 + 1) (p23 + 1)) +2(€31 + 1)o203(n13(€31 +1) — 133 — p23 —
1) + (€31 + 1)03) — 83(03(m13 — p2s — 1) + 02)(03(m13(2€31 + 1) — 2033 — p23 — 1) + 02) + 63 (03(—m13 + p23 +
1) —o2) + 87631 (E31 +1) + o3(—0o302(n13(€31 +1) —n33 — 1) (n13(€31 +1) — m33 — 2p23 — 1) + 05 (073 (n33 (2631 +
1)+ (€31 + 1) (p23 + 1)) — m13(2m33 (31 + 1) (p23 + 1) + 033 + (€31 + ) (p23 + 1)) + na(—€31) (€31 + 1) + (n33 +
1)(p2s + 1)(n33 + p23)) + 03 (—ms(€31 + 1) + n3s + 1))

A?) 03(61 —m303)(—d3 +061831 + (133 —1M13831)03)(02 — p2303)(d3 —61(£31 + 1)+ 02+ 11303 —M3303 + 11363103 —
p23os — 03)% + (11313305 + N13p2305 + 11313302305 — N33p2305 — 6311303 — 61713303 — 61p2303 + 63p2303 —
631132303 — 0113302305 —N180203 —1131330203 +1330203 +n13€31 (81 —11303) 05 +n13€31p23(61 —n1303) 05 +
€31p23(N1303 —01)03 +810305+8103p2305+0810203 — 030203 +33Mm130203+51m330203 —1€31 (01 —11303)03 —
81€31p23(81 —m1303)o3+E€3102(81 —n1303)03 +n13863102(N1303 —F1)03 — 610302 +81€3102(81 —n1303) + (81 —
83 — 02 —M1303 + 13303 + 2303 + 03 + €31 (61 — n1303)) (3167 + (=83 — (€31 + 1)oa + (n33 + p23 + 31 (—2mis +
O p23+1)+1)03)81 +83(02 + (113 — p23 — 1)o3) + o3 ((—n33 +m13(E31 +1) —1)o2 + (€31133 — (133 + (€31 + 1) (p23 +

1 1))113 + p23 + 133 (p23 +1))03))) (€31 ((p23 + 1)o3 — 02)83 + (35(02 — (p23 + 1)o3) + o3 (((€31 + 1) p2s + 33 (p2s +
1) — 2m13€31(p23 + 1))oz — (33 + (1 — 21m13)€31 + 1)02))d1 + 03(33((n13(p23 + 1) — p23)os — (m13 — 1)o2) +
o3(€31((p2s + 1)os — 02)nfs + (33 + €31 + 1oz — (€31 + 1p23 + n33(p23 + 1))o3)n1s + n33(p2sos — 02))))

A4 03(61 —m303)(—d3+01€31 +(n33 —M13831)03)(p2303 —02)(03(81 —n1303)(—03+01£31+ (133 —n13€31)03) (02—
p2303) (03 — 81 (€31 +1) + 02 +11303 —N3303 +113€3103 — p23os3 —03)% + (1313305 +N13p2305 +M13033p2305 —
N33p230% — 8301305 — §1m330% — 81p230% + 03p2305 — 63711302305 — 01713302305 — N130205 — N1371330203 +
n330203 + 113€31 (51 — M1303)03 + M13€31p23(51 — M1303)03 + €31p23(M1303 — 61)0F + 618303 + 6103p2303 +
810203 — 630203 + 83130203 + 1M330203 — 61€31(81 — M1303)03 — 81€31p23(81 — M303)o3 + €3102(81 —
M303)03 +113€3102(N1303 — 81)03 — 816302 +61£3102(61 —n1303) + (81 — 03 — 02 —M1303 + 13303 + p230o3 +
03 + €31(81 — 11303))(€310F + (—03 — (€31 + 1)o2 + (N33 + p23 + €31(—2m13 + p23 + 1) + 1)o3)d1 + d3(02 +
(13 — p23 —1)o3) + 03((—n33 + n13(E31 +1) — 1)oa + (E31133 — (133 + (€31 + 1) (p23 + 1))n15 + p23 + n33(p23 +
1))03)))(€31((p23 + 1)o3 — 02)67 + (53(02 — (p23 + 1)o3) + o3(((€31 + 1)pas + n33(p2s + 1) — 2n13€31 (p2s +
1))os — (n33 + (1 — 2m13)€31 + 1)02))d1 + 03(83((n13(p23 + 1) — p23)oz — (m13 — 1)o2) + 03(€31((p23 + 1)o3 —

o2)n?s + ((n3z + €31 + Doa — ((€31 + 1)pas + n33(p23 + 1))o3)ms + n33(p23os — 02)))))

Table 3.5: The table shows the values of A; for equilibrium points Og,él on 4-
dimensional subspaces x1 = y; = 0 and x; = y = 0 respectively.
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S | A,;| Values of A, for the equilibrium points O, and Os

Al €12 (62 —n2101) — 61 + 62 + 1101 — nN2101 + p31o1 + 01 — o3

AQ 63(o1(m1(2612 +1) — (€12 + 1) (E12(8n21 — p31 — 1) — p31 — 1)) — (€12 + 1)203) + 62(0F (2711 (€12 + 1) (p31 + 1) —
n21(2€12 + 1)) + (€12 + 1)(—2n21 (€12 + 1) (p31 + 1) + 3131 €12 + (p31 + 1)2) +n3y) — 2(€12 + )ozor (—n21 (12 +
D +n11+ps1+1) + (€12 +1)03) —61(82 + o1 (—n21 + p31 + 1) — 03)(62(2612 + 1) + 01 (—n21 (2612 + 1) + 2m11 +
P31+ 1) — 03) + 67 (62 + o1 (—n21 + p31 + 1) — 03) + 65€12(E12 + 1) + 01(n3; (€12 + 1201 ((ps1 + 1)o1 — 03) —
n21(E12+1) (03 — (p31 +1)o1)® +n11(01(n21 — ps1 — 1) +03) (01 (n21 (2612 +1) — p31 — 1) + 03) + 031 (—€12) (E12 +
1)o? +nf1o1(o1(=n21 + p31 + 1) — 03) + p210% + p3102 — 2p310103 + 03 — 0103)

A3 01(62 — m2101)(d1 — 62812 + (n21€12 — M11)o1)(p3101 — 03)(61 — d2(&12 + 1) — N1101 + N2101 + N21€1201 —
p3101 —o1+03)2 + (E12((p31+1)o1 —3)82 + o1 ((€12 + 1) (p3101 —03) +n11((p31 +1)o1 —03) — 2n21€12((p31 +
1)o1 — 03))d2 + o1 (n21(n21€12((ps1 + 1)o1 — 03) — (€12 + 1)(p3101 — 03)) — m11(—p3101 + n21((ps1 + 1)o1 —
o3) + 03)) + 81(01(—p3101 + 121 ((p31 + L)o1 — 03) + 03) — 82((p31 + 1)o1 — 03)))(M11M2105 — N11p3105 +
?71177211331<Tig +7721p310:f - 5277110% - 5177210% +51931U% - 529310% - 5271110310% - 51"21?310% +n21€12(02 —
n2101)0F + 121612p31(82 — m2101)0F + £12p31(n2101 — 82)0F + M1030F — N1M210307 — 210307 + 516201 +
8162p3101 —02€12(02—m2101)01 —02812p31 (62 —12101)01 —610301+620301 +d2m110301+01m210301+&€12(82—

=~ 12101)0301 +n21€12(N2101 — 62)0301 — 610203 + 62812(82 —n2101)03 + (=01 + 02 + n1101 —N2101 + p3101 +
02 01+ €12(82 —n2101) — 03) (61203 + (11 + p31 + €12 (—2m21 + p31 +1) +1)o1 — (€12 +1)03)d2 — 81 (62 + (—n21 +
ps1+1)o1 —o3) —o1(—€1201m3, + (€12 + 1) ((p31 + 1)o1 — 03)n21 — p3101 + 03 +n11((M21 — p31 — 1)o1 +03))))

A4 01 (82—m2101) (=81 +62812+(n11—nm21€12)01)(p3101—03) (01 (62 —n2101)(61 —2812+(N21§12 —n11)01)(P3101 —
03)(61—02(E12+1)—m10o1+n2101 412161201 —p3101 —o1+03)  +(€12((p31+1)01 —03)83 +01 ((E12+1) (3101 —
o3)+n11((p31+1)o1 —03) — 2n21812((p31 +1)o1 — 03))d2 + 05 (121 (21 €12 ((p31 + 1)1 — 03) — (E12 +1)(ps101 —
03)) —n11(—=p3101+1n21((p31 +1)o1 —03)+03)) +61(01(—p3101 +121((p31 +1)01 —03) +03) —d2((p31 +1)01 —
03)))(M11M2105 — 1113105 + 11112103105 +121p3105 —d2an110% — 8112105 +061p310% —S2p310% —82111p310% —
81m21 3102 +121€12 (82 —n2101) 02 +121E12p31 (82 —n2101)05 +E12p31 (N2101 —02) 02 +1110307 —111M210305 —
n210307 +018201 +8182p3101 —82£12(82 —n2101)01 —82€12p31 (62 —12101)01 — 810301 +820301 +02m110301 +
S1m210301 +€12(02 —n2101)0301 +121812(N2101 —82)0301 — 810203 +062812(d2 —n2101)03 +(—61+d2+m1101 —
n2101+p3101+01+E12(62—n2101)—03) (1205 +((n11+p31 +€12(— 2021 +p31+1)+1)01 — (E12+1)03)d2 — 81 (62 +
(—n21+p31+1)01—03)—01(—€1201m31 +(E12+1) ((ps1+1)01 —03)n21 —ps1o1+o3+n11((n21 —p31—1)o1+03)))))

Al €23 (03 —m3101) — 82 + 83 + m2101 — M3101 + p3101 + 01 — 03

AQ 63(01(n21 (2623 +1) — (€23 + 1) (€23(3n31 — p31 — 1) — p31 — 1)) — (€23 + 1)203) + 83(0F (2n21 (€23 + 1) (p31 + 1) —
n31(2623 + 1)) + (€23 + 1)(—2n31 (€23 + 1) (p31 + 1) + 3131 €23 + (p31 + 1)%) +13;) — 2(E23 + 1)ozo1(—n31 (€23 +
1)+ n21 +ps1 +1) + (€23 + 1)03) — 62(83 + o1 (—n31 + p31 + 1) — 03) (63 (2623 + 1) + o1 (=131 (2623 + 1) + 2n21 +
p31+1) — 03) + 82(85 + o1 (—n31 + p31 + 1) — 03) + 85€23(€23 + 1) + o1 (31 (€23 + 1% 1 ((p31 + 1)o1 — 03) —
n31(€23 +1) (03 — (p31 +1)01)? +n21 (01 (31 — p31 — 1) +03) (01 (131 (2823 +1) — p31 — 1) +03) + 13y (—€23) (€23 +
1)o? +n3101(01(=n31 + p31 + 1) — 03) + p3, 0% + p3107 — 2p310103 + 03 — o103)

A3 01(63 — m3101)(92 — 63823 + (n31€23 — m21)01)(p3101 — 03)(d2 — 03(€23 + 1) — 2101 + N3101 + N31€2301 —
p3101 — 01 +03)% + (€23((p31 + 1)o1 — 03)83 + 01 ((§23 + 1) (p3101 — 03) + 121 ((p31 +1)o1 — 03) — 2n31€23((p31 +
1)o1 — 03))83 + 07 (131 (n31€23((p31 + 1)o1 — 03) — (€23 + 1)(ps101 — 03)) — m21(—ps101 + 131 ((p31 + o1 —
03) + 03)) + 82(01(—ps1o1 + n31((p31 + 1)o1 — 03) + 03) — 83((ps1 + 1)o1 — 03)))(N21M3105 — M21p310% +
N21M31P310% + N31p3105 — S3n2105 — Sanz10F + 82p3107 — 83p3107 — 63M21p3103 — 62131p3107 + M31€23(83 —
n3101)07 + 131£23p31(83 — 13101)0F + £23p31 (3101 — 83)0F + M21030F — N2171310307 — n310307 + 28301 +
8263p3101 —03€23(03—m3101)01—03823p31(03—"m3101)01 —020301 1030301 +d3M210301 1021310301 +&23(83—

5 13101)0301 +131&23(N3101 — 83)0301 — 620303 + 03823(d3 —n3101)03 + (=02 + 03 + 12101 —N3101 + p3101 +
OS 01+ €23(83 —n3101) — 03)(£2303 + ((n21 + p31 + €23 (—2m31 + p31 +1) +1)o1 — (€23 +1)03)55 — 82 (63 + (—n31 +
p31+1)o1 — 03) — o1 (—E230113; + (€23 + 1) ((p31 + 1)o1 — 03)n31 — p3101 + 03 + 021 (131 — p31 — 1)o1 + 03))))

A4 01(83—m3101)(—d2+83823+(n21 —131€23)01)(p3101—03)(01(63—n3101) (82 —33€23+ (131623 —M21)01)(pP3101 —
03)(82—03(E23+1) —n2101+n3101 +M31€2301 —p3101—01+03) 2+ (€25 ((p31+1)01 —03)8%+01((€23+1) (p3101—
o3)+n21((p31+1)o1 —03) — 213123 ((p31 +1)01 — 03)) 33 + 05 (131 (n31 €28 ((p31 + 1)1 — 03) — (23 +1)(ps101 —
03)) —n21(—p3101+131((p31 +1)o1 —03)+03)) +62(01(—p3101 +131((p31 +1)01 —03) +03) —d3((p31+1)o1 —
03))) (12113105 — 121 p3105 + 121713103105 +131p3105 —d3n210% —82m310% +02p310% —d3p310% — 83121 p3107 —
62131p3103 +131€23(83 —n3101)05 + 131623031 (63 —n3101)0F +E23p31(N3101 —03)0F +n210307 —N211310305 —
N31030%7 +0628301 +0283p3101 —83E23(83 —n3101)01 — 83623031 (83 —n3101)01 — 20301 +830301 +83n210301 +
82m310301+E€23(03 —n3101)0301 +131823(N3101 —383)0301 — 20303 +03823(03 —n3101)03+(—d2+d3+n2101 —

n3101+p3101+01+E23(63—n3101)—03)(E2303 +((n21+p31+E€23(—2n31+p31+1)+1)01 — (E23+1)03)d3— 82 (63+

(—m31+p31+1)01—03)—01(—€2301m3; +(E23+1) ((p31+1)01 —03) 131 —p3101+03+n21 (131 —p31—1)o1+03)))))

Table 3.6: The table shows the values of A; for equilibrium points Oy, O3 on 4-
dimensional subspaces x5 = y3 = 0 and z2 = y5 = 0 respectively.



Chapter 4

Numerical results

The goal of this chapter is to confirm theorical results by numerical experiments.
First, we show how heteroclinic trajectories belonging to the heteroclinic network
behave. Secondly, we present a picture of the trajectories on the heteroclinic attrac-
tor.

4.1 Heteroclnic Network

Assume that 01y = 6,09 = 7,03 = 8,01 = 10,05 = 15,03 = 20,m1; = 0.1, =
0.2,7]13 = 0.3,7721 = 0.1,7722 = 0.2,7723 = 0.3,7731 = 0.177732 = 0.2,7733 = 0.3. Then
parameters in the table 4.1 satisfy the conditions of Therem 3.4.1.

Parameters Values of parameters
P12 3.64512 3.39916 3.79064 1.72127 4.52017
P13 0.136261 | 0.134727 | 0.269263 | 0.373726 | 0.265443
Po1 0.139889 | 0.0468083 | 0.0174621 | 0.192648 | 0.0348452
P23 2.39146 3.09165 1.25919 1.44744 1.51453
P31 2.1775 5.73921 2.29126 2.29559 2.79281
P32 0.225068 | 0.0577013 | 0.19216 0.338097 | 0.136058
12 2.75417 1.56495 3.18986 2.37243 4.17485
13 0.0369821 | 0.251189 | 0.138018 | 0.268559 | 0.143376
&a1 0.027865 0.19193 0.151999 | 0.199366 | 0.0671996
a3 3.35939 2.44048 2.69774 3.55245 4.93359
31 6.94691 2.71107 5.53754 3.12758 5.65943
&30 0.171463 | 0.118564 | 0.311079 | 0.0130082 | 0.0984532

Table 4.1: p;; and &; values.

Let us choose for example values of parameters which are in the second column

28
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in the table 4.1. Therefore for these parameters, the master-slave is the following

1 = 21(6 — 21 — 3.6451225 — 0.136261x3)
2y = 2o(T — 25 — 0.139889z; — 2.3914615)
a3 = 15(8 — 23 — 21775z, — 0.22506815)
41 = 1 (10 — y1 — 2.75417ys — 0.0369821y; — 0.1z, — 0.2z — 0.3z3)
o = y2(15 — o 0.027865y; — 3.35939ys — 0.121 — 0.225 — 0.313)
s = y3(20 — vy 6.94691y; — 0.171463ys — 0.1z1 — 0.225 — 0.373)

(4.1)

\

Now computing the system (4.1) for initial point py = (4,4, 4,6,7,5) we have the
following portraits in the phase space. First, let us show the

4.1.1 Trajectories of heteroclinic cycles

Figure 4.1: Heteroclinic cycle of Figure 4.2: Heteroclinic cycle I' of
master system. master-slave system.
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A

Figure 4.3: Heteroclinic cycle I' of Figure 4.4: Heteroclinic cycle I' of
master-slave system. master-slave system.

Now let us show the

4.1.2 Trajectories joining different cycles

Figure 4.5: Heteroclinic connection  Figure 4.6: Heteroclinic connection
between O; and O;. between O, and O,.
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Figure 4.7: Heteroclinic connection Figure 4.8: Heteroclinic connection
between O; and Os. between O; and O;.

Figure 4.9: Heteroclinic connection  Figure 4.10: Heteroclinic connection
between O; and O,. between O3 and Os.
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Figure 4.11: Heteroclinic connection  Figure 4.12: Heteroclinic connection
between O; and O;. between O, and O,.

Figure 4.13: Heteroclinic connection between 03 and O;.

One can see that when we compute the system (3.3)-(3.4) for parameters which
satisfy inequalites of Teorem 3.4.1, we obtain every heteroclinic connection of the
heteroclinic network I".

4.2 Heteroclinic attractor

Here we check numerically that pieces 2-dimensional unstable manifolds of saddle
equilibrium points form a two-dimensional surface consisted of topological rectan-
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gules. Let us consider, first the point O;. Its unstable manifold in linear approxi-
mation has the form of the plane

(z,y) = (w0, yo) + cer + Ber (4.2)

where (z9, o) are the coordinates of O; and ey, e; are the eigenvectors corresponding
to positive eigenvalues.

We choose initial points belonging to plane (4.2) for a and 8 small and show that
trajectories going through all of them tend to O,.

Let us consider 01 = 6,09 = 7,03 = 8,07 = 10,09 = 15,93 = 20, p1o = 1.72127, p13 =
0.373726, pa1 = 0.192648, po3 = 1.44744, p31 = 2.29559, p3z = 0.338097, 12 = 2.37243
,&13 = 0.268559, &9 = 0.199366, Eo3 = 3.55245, £31 = 3.12758, £30 = 0.0130082, 11, =
Mo = M3 = MNo1 = N2 = Moz = N31 = N32 = N33 = 0.001. One can check that these
parameters satisfy conditions of Theorem 3.4.1. It system is the following

;

Ty = x3(8 — w3 — 2.29559x; — 0.338097x5)

Y1 = y1(10 — y; — 2.37243ys — 0.268559y3 — 0.001z; — 0.001z5 — 0.001x3)

Yo = ya(15 — yo — 0.199366y; — 3.55245y3 — 0.001z; — 0.001z5 — 0.001x3)

Y3 = y3(20 — y3 — 3.12758y; — 0.0130082y, — 0.001x; — 0.001z5 — 0.001x3)

(4.3)

Every trajectory of heteroclinic network was obtained for this system as in the

previous section. Consider the invariant 4-dimensional subspace x3 = y3 = 0 of

system (4.3). It subspace has de form

\

.1:1 = .]71(6 — T — 1721271’2)

152 = 132(7 — X9 — 0192648371)

Y1 = y1(10 — y; — 2.37243ys — 0.001z; — 0.001x2)
Yo = y2(15 — yo — 0.199366y; — 0.001z; — 0.001z5)

(4.4)

Interesting equilibrium points of system (4.4) are O; = (6,0,9.994,0),0, =
(6,0,0,14.994), 0, = (0,7,9.993,0) and O, = (0,7,0,14.993). Eigenvalues of the Ja-
cobian matrix of system (4.4) evaluated at O; are A\; = 13.0015, Ay = 5.84411, \3 =
—9.994, Ay, = —6 and e; = (0,0, —0.717841, 0.696208), e; = (—0.657207,0.75371, —
0.0000608945, 0) are the corresponding eigenvectors to A\; and s respectively. Eigen-
values of the Jacobian matrix of system (4.4) evaluated at O, and O, are by =
—25.5782,by = 5.84411,b3 = —14.994,b4 = —6 and m; = 13.0007,my = —7,m3 =
—9.993,my = —6.04889 respectively, therefore dimW*(O,) = dimW“(Ol) = 1. Fi-
nally the eigenvalues of the Jacobian matrix of system (4.4) evaluated at O, are
ry = —25.5768,ry = —14.993,r3 = —7 and ry, = —6.04889, so 02 is a stable node.
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Figure 4.14: Heteroclinic connec-  Figure 4.15: Trajectories of points
tions on subspace (4.4). inside of region R go to Os.

Let us choose o + = € = 0.01. So, we have for example the following 9 initial
points.

Q; B Zoi To; = +auer + fies

0.001 | 0.009 | zo1 | (5.99409, 0.00678339, 9.99328, 0.000696208)

0.002 | 0.008 | g2 | (5.99474, 0.00602968, 9.99256, 0.00139242)

0.003 | 0.007 | xo3 (5.9954, 0.00527597, 9.99185, 0.00208862)

0.004 | 0.006 | xos | (5.99606, 0.00452226, 9.99113, 0.00278483)

0.005 | 0.005 | xos | (5.99671, 0.00376855, 9.99041, 0.00348104)

0.006 | 0.004 | xos | (5.99737, 0.00301484, 9.98969, 0.00417725)
( )
( )
( )

0.007 | 0.003 | o7 | (5.99803, 0.00226113, 9.98897, 0.00487346
0.008 | 0.002 | zos | (5.99869, 0.00150742, 9.98826, 0.00556966
0.009 | 0.001 | zoe | (5.99934, 0.00075371, 9.98754, 0.00626587

Table 4.2: Initial points z; inside of R.

One can see that the points in the table 4.2 satisfy that xo; € R,i = 1,...,9.
Computing the system (4.4) for each of the points zg; in the table 4.2, we obtain

xo; | Final point of trajectoy of x¢; at time ¢t = 100
o1 (1.1932321072L, 7, —2.14585210727, 14.993)
o2 (2.83636210721, 7, 8.062462x10727, 14.993)
Zo3 (4.873172107%2,7, —3.70539210~%°, 14.993)
To4 (3.221092107%Y, 7, 5.52008210~2°, 14.993)
Zos (4.403452107%1 7, —7.56563210727, 14.993)
Zog (8.6816321072L,7, —6.01977210~27,14.993)
To7 (9.95544210721, 7, —4.5837x10~2*,14.993)
Zog (4.97699210722,7,5.292062x10~27, 14.993)
Zo9 (3.17621210721, 7, —3.84468x1072°, 14.993)

Table 4.3: Trajectories of initial points inside of the region R are very closed to the
equilibrium point Oy = (0, 7,0, 14.993) at time ¢ = 100.

Therefore the corresponding trajectory to xo; goes to 02, t=1,...,9. Similarly we
obtained for the 4-dimensional invariant subspaces x3 = y; = 0,23 = yo = 0,27 =
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y3 = 0,1 =y = 0,21 = yo = 0,290 = y3 = 0,290 = y; = 0 and x5, = yo = 0,
the results which are shown in figures 4.16 4.17,4.18,4.19,4.20,4.21,4.22 and 4.23
respectively. These same results were obtained for a system where n = 0.

02

Figure 4.16: Trajectories of points Figure 4.17: Trajectories of points
inside of region R go to Os. inside of region R go to O;.

Gz O3
0, 03

04 0,

Figure 4.18: Trajectories of points Figure 4.19: Trajectories of points
inside of region R go to O. inside of region R go to Os.



CHAPTER 4. NUMERICAL RESULTS

S

A

o 64

Figure 4.20: Trajectories of points

inside of region R go to O;.

G2

Figure 4.22: Trajectories of points

inside of region R go to Os.

36

G2

S

04

Figure 4.21: Trajectories of points
inside of region R go to Os.

04 O3

-
* a—

A

Figure 4.23: Trajectories of points
inside of region R go to O;.

Thus, we confirmed the existence of topological rectangles union of which form
a topological two-dimensional torus. This torus could be an attractor to show it
numerically we choose initial points randomly in a neighborhood of the torus and
show that corresponding trajectories go to it as t — +oo.
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First let us choose randomly, for instance, the following 20 initial points which
are in a neighborhood of this torus. These initial points are shown in the table 4.4.

Zo;

Zo1

(6.41264,9.3393, 8.90569, 11.1921, 17.4231, 22.0908)

Z02

(10.0606, 7.82248,10.0456, 12.0855, 17.6599, 22.0487)

Zo3

(10.4133,11.4697, 8.14363, 12.4614, 15.5398, 22.3685)

Lo4

(8.40094,9.74301, 12.0417,12.7016, 15.1959, 22.2957)

Zo5

(8.72313,11.3684,8.6514,11.176,17.1261, 23.7437)

Zoe

(9.35894, 8.47259, 8.06352, 14.5503, 18.2687, 24.2453)

Zo7

(7.21408,9.18421,9.03217, 12.5283, 18.9746, 23.4664)

Zos

(9.50755,7.4743,10.0736, 13.8237,17.2361, 23.3234)

Zo9

(6.0644,8.17875,10.8694, 14.1598, 18.0462, 24.2367)

Zo10

8.13248,9.88147,12.3621,11.5941, 18.0045, 22.7155

Zo11

10.9199, 8.87088, 11.8605, 14.0527, 15.4936, 21.5978

Zo12

Zo13

9.20681,9.62526, 8.28053, 14.6364, 15.6793, 20.0888

To14

( )
( )
(7.98274,11.6366, 8.42566, 13.6998, 19.7064, 23.7039)
( )
( )

9.36108,7.75119,9.77988, 12.8574, 19.5286, 24.4935

Zo1s

(10.8242,7.19994, 9.64262, 14.329, 15.0395, 21.0991)

Zo1e

8.58968,10.2095, 12.7158, 12.1666, 15.1383, 22.3791

Zo17

9.24342,8.96311,8.76119, 13.2471,17.5017, 20.4649

Z018

Zo19

7.90655,9.71962, 8.05679, 13.4287,17.5346, 22.8958

Z020

( )
( )
(6.42592, 7.81848,12.8981, 12.7988, 19.4375, 23.1818)
( )
( )

7.09771,7.98509, 8.63374,11.2042,19.0657, 22.5987

Table 4.4: Initial points in a neighborhood of torus.

Now computing the master-slave system (4.3) for every initial points of the table
4.4, we obtain the results which are shown in the table 4.5.
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o Final point of trajectoy of xy; at time ¢t = 100

o1 (4.66109210713,9.8009210~14,8,0.0000648813, 0, 19.9918)
o2 (5.7036521072,0.40845, 7.63524,9.99196, 0, 1.84443210~ )
To3 (1.78512210~ 1, 1.58322x10717,8,9.992, 0, 2.84259x10~202)
To4 (0.0000613748,6.99992,2.9519721071,9.993, 0, 8.596022:10~23°)
Zos (1.787372x10713,7,7.446082x10~ 12, 8.27526210~2%, 0, 19.993)
o6 (6,2.9321077,7.8702521072Y,9.994, 0, 5.22989210~°0)

o7 (1.04131210722,6.77147,0.284574,1.387522x101°, 0, 19.993)
o8 (4.7959210710,2.9455321071%,8,9.992, 0, 2.64283x10~1%5)
Tog (0.000195659, 1.714952107%2, 7.99967,9.992, 0, 1.177572107°%)
Zo10 (1.1215521071°,2.43112107%, 8, 5.793442107°, 0, 19.992)
ZTo11 (3.88564x1071Y, 3.73983x1071%,8,9.992, 0, 0)

ZTo12 (2.61099210717,7.,8.2117421078, 5.34553210719, 0, 19.993)
To13 | (0.0288085,6.96285,1.124472x10723,4.6470321072%5,14.993,1.501972x10~°1)
To14 (2.787652107?,3.3229210719,8,2.230822107%°, 0, 19.992)
Zo15 (5.98897,1.0314721072°,0.004123, 9.99401, 0, 0)

Zo16 (5.058321071%,6.99998, 0.0000197848,9.993, 0, 1.61257x10719%)
To17 (1.196212107%2,6.96714, 0.0409594, 9.99299, 0, 1.93423x10~2!1)
018 (8.858152x1072Y,0.0857938, 7.92872, 8.363762x10~1, 0, 19.992)
Zo19 (1.282752x10718,8.2028621078, 8,9.992, 0, 3.39803210~1%9)
2020 (3.5027521072°,0.0000610008, 7.99995, 6.501512107°?,0, 19.992)

Table 4.5: Trajectories of initial points in a neighborhood of torus go to inside of it
at time ¢ = 100.

So we can see that for each initial point of the table 4.4 the corresponding tra-
jectory goes to inside of our torus (see table 4.5), and so, we have shown numerically
that this torus is an attractor.
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Persistence of the heteroclinic
attractor

In chapter 3 we proved that under some conditions the master system (3.3) has a
heteroclinic cycle as an attractor and the slave system also has an attractor in the
form of a heteroclinic cycle (Figure 3.3) for zero coupling coefficients (1;; = 0). Thus,
the uncoupled system (3.3),(3.4) has a heteroclinic attractor, the direct product of
these heteroclinic cycles in the form of a non-smooth two dimensional torus. The
goal of this chapter is to show that heteroclinic attractor there exists not only for
the uncoupled system but also for master-slave system with a weak coupling.

First, we consider an uncoupled system (7;; = 0)

£ = x1(01 — 21 — praTa — Pr13T3)
Ty = ZE2(02 — T2 — pP2a1¥1 — P23$3) (5~1)
T3 = 13(03 — T3 — P3171 — P32T2)

Y1 = 3/1(51 — 11 — &2y — flsyz)
Yo = y2(52 — Yo — Enlr — 523?/3) (5-2)
Ys = y3(03 — Y3 — Ea1yn — E322)

Under conditions formulated in corollary 3.2.1 the system (5.1) has a heteroclinic
cycle, say I'! consisting of O, 05, O3 and T'15, 93, 's;. Under conditions formulated
in Proposition 3.2.1, the system (5.2) has a heteroclinic cycle, say I'? consisting
of 51,852,853 and I'yp,'y3,1'31. Since I'! and I'? are homeomorphic to circles then
it follows that the system (5.1),(5.2) has an invariant set that is cartesian product
Iy = I'xI"2, homeomorphic to the two-dimensional torus T?. The equilibrium points

belonging to I'y are:

Ol = 01x5], 02 = 01x5%, 03 = 01xS53
Ql = Ox54, Qz = 03x954, Q3 = 0yx5;
01 = OgXSl, 02 = OgXSQ, 03 = OgXSg.

The eigenvalues of the system (5.1),(5.2) linearized at these points are presented at
the following table

39



CHAPTER 5. PERSISTENCE OF THE HETEROCLINIC ATTRACTOR 40

Saddle Eigenvalues
O —01,09 — P2101,03 — P3101, —01, 02 — £2101, 03 — £3101
O, —01,02 — P2101,03 — P3101, —02,03 — £3202, 01 — §1202
Os —01,02 — P2101,03 — P3101, —03,01 — &1303, 02 — £2303
Oy —02,03 — P3202,01 — P1202, —01, 02 — £2101, 03 — £3101
Qz —09,03 — 3202, 01 — P1202, —02,03 — £3202, 01 — {1202
Os —032,03 — P3202,01 — P1202, —03,01 — £1303, 02 — {2303
Oy —03,01 — P1303, 02 — P2303, —01, 02 — £2101, 03 — §3101
O —03,01 — P1303, 02 — P2303, —02,03 — §3202, 01 — &1202
O3 —03,01 — P1303, 02 — P2303, —03,01 — §1303, 02 — £2303

Table 5.1: Eigenvalues of every equilibrium point of the heteroclinic network.

It follows from the conditions imposed in Section 3.2. that each of these points
has two-dimensional unstable and four-dimensional stable manifolds. Denote by
H(A — B) a heteroclinic trajectory joining the equilibrium points A and B. Then,

Flg = H(Ol — OQ),FQg = H(02 — Og),rgl = H(Og — 01>,
h: H(Sl — SQ),% = H(SQ — Sg),h: H(Sg — Sl)

and we have

H(Oy = O5) = O1 x T'1y, H(O5 = O3) = Oy x g, H(O3 = 01) = Oy x Ty,

H(Oy — Oy) = Oy x Ty, (o2 — 03) = Oy x Dy, (03 — 0y) = 0y x Ty,

H(Oy — Oy) = O3 x T, H(Oy — O3) = O3 x I'yg, H(O3 — Oy) = O3 x I'gy,
H(O; — 01) ' x S, (01 — 01) a3 x 54, (01 — 01) =T'3 x S,
(02 — 02) 'y x5, (Og — 02) 93 x S, (Og — 02) I's; x S,
H(O3 — O3) = T3 x S5, H(O3 — O3) = I'y3 x S5, H(O3 — O3) = T'5; x Sy

The surface T'y consists of 9 "rectangles” (see Fig 3.7). Let us consider any of
them, for instance, the one boundary of which consists of the heteroclinic trajecto-
ries: H(O; — Og) (0_2 — 02) H(O, — Ol) (01 — Og) Denote it by 7y. Since
all points Oy, O,, O1, O belong to the 4-dimensional invariant subspace x5 = y3 = 0,
all heteroclinic trajectories in the boundary of 7y also belong to this subspace, and
each point in Int(m) is a direct product of two points one of which belong to I'1 and
another to I'jo, i.e, it belongs to the same subspace, then 7y C {3 =y3 =0} := Ro*.
Inside Ry?* we have

dimW™(0y) = 2, dimW*™(O,) = dimW*(Oy) = 1, dimW*(O,) =
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Figure 5.1: The rectangule 7.

Lemma 5.0.1 The trajectory H(O; — Oy) belongs to the transversal in Ry* inter-
section W*(Or) NW*(0,).

Proof. The trajectory H(O; — O,) = Oy x I'13 belongs to the plane z, = 0,21 = 0.
The local stable manifold of the point O, is a piece of the plane z, = 0, so, the vector

= (0,1,0,0) is perpendicular to this plane. The cartesian product I';y x I'15 is
a part of W*(0,), so at a point p € H(O; — O,), close to Oy, there is a tangent
vector to I'ia x I'yp that has the form W = (a, 3,7v,0) where the vector (o, ) is
close to the eigenvector (%, 1) on the plane y; = yo = 0 corresponding
to the eigenvalue o9 — payo1 > 0. Thus, § # 0 if a point p is close enough to O,
(and the projection of p onto the (xy,z2)-plane is close enough to O;). Since the

_> — —
scalar product (7, W) = g # 0, it follows that the intersection W*(O1) N W*(Oy)
is transversal at the point p and, consequently, it is transversal at every point of
H(Ol — 02) [ |

Lemma 5.0.2 The trajectory H(O_l — Ol) belongs to the transversal in Ro* inter-
section W*(O,) N W*(0Oy).

Proof is similar to that for Lemma 5.0.1.

Theorem 5.0.1 If saddle values of all saddle equilibrium points belonging to 'y are
greater than 1, then I'y is an attractor.

Proof. Because of the construction of I'y, we can start with an initial point py that
is close to one of the equilibrium points in I'y. For the sake of definiteness let it will
be O;. Let € = dist(py, W*(O,)). It follows (see the book [5]) that the representative
point on the trajectory going through po leaves a neighorhood of O; at a point p;
such that dist(p,, W*(O;)) < €, where v > 1 and can be estimated by the saddle
value of the point O;. Then the trajectory going through p; follows a trajectory
on the W*(0O;) and comes eventually, after a finite time to a point p, in a small
neigborhood of the next equilibrium point, say o, (O is either Oy or Oy or Og.),

so that dist(ps, W*(O)) < ce”, where ¢ = constant. If € is small enough we have

ce¥ < %e. Then we repeat the previuos consideration for the point O replacing e
1

to 5e. We do it again and again to see that dist(pari1,10) < 2%6, where pogi1 is
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the representative point on the trajectory after the time the trajectory intersects k
successive neigborhoods. Let us remark that we should choose the smallness of ¢
only finitely many times, since I'y consists of finitely many rectangles. Thus, the
trajectory goes to I'g as t — oco. B

P4

Po

Figure 5.2: Passing the neigborhood of a saddle point.

Now we consider the system (3.3),(3.4) for small values of the parameters 7;;.

Theorem 5.0.2 There is an € > 0 such that if |n;;| < €, then the system (3.3),(3.4)
has an invariant two-dimensional surface I'y homeomorphic to I'y and close to it.

Proof. As we show bellow such a surface will consist of "rectangles” bounded by
the heteroclinic trajectories joining saddle equilibrium points. For the sake of defi-
niteness, we consider the rectangle my and prove the existence of a rectangle 7y close
to mp. We show its existence in R

(i) For n;; = 0 the heteroclinic trajectories H(Oy — Oy), H(Oy — Oy), H(O; — Oy),
H(O; — O,) belong to transversal intersections of stable and unstable manifolds
(Lemmas 5.0.1 and 5.0.2), so for small values of 7;; They are still exist and belong to
the transversal intersections of stable and unstable manifolds of saddle equilibrium
points.
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Figure 5.3: Trajectories on .

(74) The point O, is the stable node Ro* for ni; = 0, so, for small values of 7;;
it is still the stable node, and there exists an absorbing region U with the maximal
attractor O, inside, see Figure 5.3.

(4ii) The local unstable manifold of Oy, say W*(n) depends smoothly on param-
eters, so, for small values of n;; it is C" = C** close to the W*(0), the local unstable
manifold for 7;; = 0. Therefore if we choose an initial point p on the interval (A, B)
on W*(n), see Figure 5.3, it will be close to a point py € W*(0). For the uncou-
pled system (7;; = 0) the trajectory going to through p, reaches U in finite time
that can be estimated from above by a constant depending only on the dist(A, A;),
dist(B, By). Therefore the trajectory of the system (3.3),(3.4) going through p also
comes to U in finite time, if values n;; are small enough, because of theorem of con-
tinuous dependence of solutions of ODE on parameters.

(1v) It is remain to show that the representative point in a trajectory going through
a point p € (A, A;) or p € (B, B;) eventually comes to U. Assume that A is so
close to A; that the trajectory going through it intersects a small neigborhood V' of
O, at a point pg, such that dist(py, W*(O,)) < J. We apply results of the book [5]
to show that dist(p;, W*(0,)) < ", (see Figure 5.2) where p; is a point on the
trajectory at the instant when it leaves the neighborhood V. It means that if §
is small enough, then the point p; is close to a point on the heteroclinic trajectory
H(Oy — OQ), and therefore the trajectory going through p; comes to U in finite time.

(v) The proof for the points on (Bj, B) is the same. Thus, we proved that ev-
ery trajectory going through points on W*(n) N (A, By) comes to U and, then, goes
to O,. The points on these trajectories together with saddle equilibrium points form
a desired rectangle m,. It follows from the construction that m, C Ro*. The union
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of these rectangles form the surface I',. The fact that I', is homeomorphic to I'y
follows directly from the proof. B

Theorem 5.0.3 If all saddles belonging to Iy, has saddle values greater than 1, then
I, s an attractor.

The proof is the same as that for theorem 5.0.1.

The attractor I'y is evidently non chaotic, it consists of several equilibrium points and
heteroclinic trajectories join them. But there is a logical possibility that trajectories
in its basin are Lyapunov unstable. The possibility could be checked numerically.



Chapter 6

Conclusions and future work

In the thesis we studied dynamics of two Lotka-Volterra systems coupled in the
master-slave way. We have obtained the following results:

1) We found conditions in the form of inequalities on the coefficients, under which
the system has a heteroclinic network consisting of saddle equilibrium points (with
2-dimensional unstable manifolds) and joinig them heteroclinic trajectories.

2) We have shown numerically that this heteroclinic network can serve as a skeleton
of a two-dimensional non-smooth torus that is an attractor.

3) We proved analytically that such torus exists when coefficients of coupling are
small enough.

In the future we plan to study numerically dynamics of this system in a beside
of this torus. We hypothesize that the system may manifest instability of transient
trajectories in the form of so called weak transient chaos. We plan calculate special
Lyapunov exponents and expect that they will be positive. We plan to write an
article on the base of results of the thesis.
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